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1 Spacetime 



Einstein's principle of general covariance states that all physical laws do not change 
their form (are covariant) under continuous coordinate transformations in four-dimensional 
spacetime. 



1.1 Tensors 
1.1.1 Vectors 

Consider a coordinate transformation from old (unprimed) to new (primed) coordi- 
nates in a four-dimensional manifold: 

x i -» x'ix*), (1.1.1) 

where x' J are differentiable and nondegenerate functions of x % and the index i can 
be 0,1,2,3. Thus the matrix has the nonzero determinant | 7^ 0, so a; 1 are 
differentiable and nondegenerate functions of xK The matrix ^rr- is the inverse of 

ox ■? 

dx'i . 
dx i • 

where 

The differentials and derivatives transform according to 

dx J = —dx\ (1.1.4) 



d dx l d 



(1.1.5) 



dx'j dx'i Q x % 

A scalar (invariant) is defined as a quantity that does not change: 

<f>' = <f>. (1.1.6) 
A contravariant vector is defined as a quantity that transform like a differential: 

dr' j 

X 3 = -?—A\ (1.1.7) 
A covariant vector is defined as a quantity that transforms like a derivative: 

B,, = ^fl,. (1.1.8) 

Therefore a derivative of a scalar is a covariant vector. The coordinates x l do not 
form a vector. 
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1.1.2 Tensors 



A product of several vectors transforms such that each coordinate index transforms 
separately: 



A i B j . . . Ci k D>i . . . = 



dx 1 dx j dx p dx q 



A m B r 



CpD q 



dx m dx n dx' k dx' 1 

A tensor is defined as a quantity that transforms like a product of vectors: 

/,-,- dx' 1 dx' j dx p dx q 



ki.. 



rp'mn... 

dx m Q x n Q x 'k Q x 'l PI- 



(1.1.9) 



(1.1.10) 



A tensor is of rank (k, I) if it has k contravariant and / covariant indices. A scalar is a 
tensor of rank (0,0), a contravariant vector is a tensor of rank (1,0), and a covariant 
vector is a tensor of rank (0,1). A linear combination of two tensors of rank (k,l) is 
a tensor of rank (k,l). The product of two tensors of ranks (k\,li) and (k2,h) is a 
tensor of rank {k\ + k 2 , h + h)- Tensor indices (all contravariant or all covariant) can 
be symmetrized: 

1 



■ (ij...k) 



—\ E T {ij...k}, 
' permutations 



or antisymmetrized: 



[ij...k] — 



E 

permutations 



{ij-k}\ 



■iy 



i.i.n) 



1.1.12) 



where n is the number of symmetrized or antisymmetrized indices and m is the 
number of permutations that bring into T^-. For example, for two indices: 

T(ik) = \{T ik + T ki ) and T [ik ] = \{T ik - T ki ), and for three indices: T[ ijk ] = \{T ijk + 
Tj k i + T ki j). If n > 4 then Tjjj...fc] = 0. Symmetrized and antisymmetrized tensors or 
rank (k,l) are tensors of rank (k,l). Symmetrization of an antisymmetric tensor or 
antisymmetrization of a symmetric tensor bring these tensors to zero. Any tensor of 
rank (0,2) is the sum of its symmetric and antisymmetric part, 



T(ik) + T[ik] — Tik- 



(1.1.13) 



The number can be regarded as a tensor of arbitrary rank. Therefore all covariant 
equations of classical physics must be represented in the tensor form: T 1 ^' = 0. 



1.1.3 Densities 

The element of volume in four-dimensional spacetime transforms according to 

dx 



d 4 x' 



dx k 



d x. 



1.1.14) 



A scalar density is defined as a quantity that transforms such that its product with 
the element of volume is a scalar, I'd^x' = id A x: 



f 



dx 1 
dx' k 



t 



(1.1.15) 
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A tensor density, which includes a contravariant and covariant vector density, is 
defined as a quantity that transforms like a product of a tensor and a scalar density: 



<9a;' fc 



da:'' dx> dxP dx q w . 
dx m dx n dx' k dx' 1 pg -' 



For example, the square root of the determinant of a tensor of rank (0, 2) is a scalar 
density of weight 1: 



— — / dx l dx m . dxi dx^ r. - 

TJ = VW*d^ Tlml = Vdx 7 ^ 1 \ T ^ = \o^W\ T ^- (1.1.17) 

The above densities are said to be of weight 1. One can generalize this definition of 
densities by introducing densitites of weight w, which transform like normal densities 
except that |J^| is replaced by iJ^P- For example, d X IS cl scalar density of 
weight -1. A linear combination of two densities of weight w is a density of weight 
w. The product of two densities of weights w\ and u>2 is a density of weight w\ + W2- 
Symmetrized and antisymmetrized densities of weight w are densities of weight w. 
Densities of weight 1 are simply referred to as densities. Tensors are densities of 
weight 0. 



1.1.4 Contraction 

We adopt Einstein's convention: if the same coordinate index % appears twice (as a 
contravariant index and covariant index) then we perform the summation J2i over a 
given tensor or density. Such a tensor or density is said to be contracted over index 
i. A contracted tensor of rank (k, I) transforms like a tensor of rank (k — 1, 1 — 1): 



rp'lj. 



dx l dx' j dx p dx q „' mn ... 
'dx^~dx^~d7 i ~d7 l pq - 



dx' j dx q , 



mn... 
pq.. 



9x3 dx9 T 'mn... 

dx n dx l mq - 



«... dx m Q x n Q x 'i Q x >r PQ- dx n dx' rmJ 

(1 - L18) 

For example, the contraction of a contravariant and covariant vector A l Bi is a scalar 
{scalar product). A contracted tensor density of rank (k,l) and weight w transforms 
like a tensor density of rank (k — 1, 1 — 1) and weight w: 



'Ki- 



ll... ' 

dx l 



dx % 



dx' h 



' dx 1 dx' j dx p dx q , m „ 

iTtr' fail... 

^fe^a^ar 77 pq - 



dx % 



dx' 1 



w f) T j f) T q 

UX UX SIP fjr'mn... 

dx n dx' lm pq - 



dx' h 



' dx j dx q 

77C 

dx n dx 1 



mq.. 



(1.1.19) 



Contraction of a symmetric tensor with an antisymmetric tensor (over indices with 
respect to which these tensors are symmetric or antisymmetric) gives zero. If contrac- 
tion of two tensors gives zero, these tensors are said to be orthogonal. Two orthogonal 
vectors (one contravariant and one covariant) are said to be perpendicular. 
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1.1.5 Kronecker and Levi-Civita symbols 

The Kronecker symbol 8 l k ( 11.1.31) is a tensor with constant components: 



dx % dx l 



■SI 



dx % dx j 



dxi dx' k 1 dxi dx' k 



$1 



1.1.20) 



A totally antisymmetric tensor of rank (4,0), T^ kl = T^ k ^ has 1 independent com- 
ponent T: T^ kl = Te v , where e 1 ^ 1 is the totally antisymmetric, contravariant per- 
mutation Levi-Civita symbol: 



0123 



1, e 



ijkl 



1.1.21) 



and m is the number of permutations that bring e w into e 0123 . The determinant of 
a matrix S\ is defined through the permutation symbol as 



I Q r 1 Jjkl ni oj Qk qI mnpq 



Taking S l k = ^ gives 



Jjkl 



dx r 


dx' 1 


dx'i dx' k dx' 1 


dx' s 


dx m 


dx n dx p dx q 



.mnpq 



1.1.22) 



(1.1.23) 



This equation looks like a transformation law for a tensor density with constant 
components: e !jU = e lJ . Accordingly, T is a scalar density of weight -1. We also 
introduce the covariant Levi-Civita symbol through: 



Jjkl. 



-mnpq 



5 l 5 l 5 l 5 l 

w m w n w p w q 

5 j 5 j S j 5 j 

w m w n w p w q 

5 k 5 k S k 5 k 

m n p q 

5 l 5 l 5 l 5 } 

w m w n w p w q 



1.1.24) 



Thus the covariant Levi-Civita symbol is a tensor density of weight -1 and its product 
with a scalar density is a tensor. The covariant Levi-Civita symbol is given by 



^0123 — ~ 1) e ijkl 



(1.1.25) 



where m is the number of permutations that bring into €0123, and satisfies 



ijkl 



om on qP C"? c 

°i °j D k°l e mnpq- 



1.1.26) 



Contracting (II. 1.241) gives the following relations: 



Jjkl 

c c mnpt 



Jjkl 

t t-mnkl 
Jjkl 

fc ^mjkl 
Jjkl , 



5 { 5" 

w m w n 



5 ] 5 3 5 ] 

w m w n "p 

5 k 5 k S k 

w m w n w p 



—2(S i S j - S i S j 

\ w m w n w n w m 

-651, 



-24. 



1.1.27) 
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1.1.6 Dual densities 

A contracted product of a covariant tensor and the contravariant Levi-Civita symbol 
gives a dual contravariant tensor density: 

e iklm A m = <2l m , e iklm B lm = W k , e iklm C klm = €. (1.1.28) 

A contracted product of a contravariant tensor and the covariant Levi-Civita symbol 
gives a dual covariant tensor density: 

£ikimA m = %,ki, tiki m B lm = Bjfc, eiki m C klm = €j. (1.1.29) 

Therefore there exists an algebraic correspondence between covariant tensors and 
contravariant densities, and between contravariant tensors and covariant densities. 



1.1.7 Covariant integrals 



A covariant line integral is an integral of a tensor contracted with the line differen- 
tial dx 1 : J T 3 l " dx l . A covariant surface integral is an integral of a tensor contracted 
with the surface differential df lk = dx l dx' k — dx k dx' % (which can be geometrically 
represented as a parallelogram spanned by the vectors dx l and dx 1 ): J T 3 ik ' df lk . A 
covariant hypersurface (volume) integral is an integral of a tensor contracted with 

dx % dx 1 dx" 1 
dx k dx' k dx k 
dx 1 dx' 1 dx" 1 

resented as a parallelepiped spanned by the vectors dx\ dx' 1 ) and dx" 1 : J T 3 ik \ dS lkl . 
A covariant four-volume integral is an integral of a tensor contracted with the four- 
volume differential dS ljkl , defined analogously to dS lkl . The dual density correspond- 
ing to the surface element is given by 



the volume differential dS lkl 



(which can be geometrically rep- 



dftk — 7; e lmikdf 



Im 



(1.1.30) 



The dual density corresponding to the hypersurface element is given by 

dSi = —tklmidS 

6 

The dual density corresponding to the four-volume element is given by 



1.1.31) 



dil = —e iHm dS iMm = dx°dx 1 dx 2 dx 3 . 



(1.1.32) 



Covariant integrands that include the above dual densities of weight -1 must be mul- 
tiplied by a scalar density, for example, by the square root of the determinant of a 
tensor of rank (0, 2). According to GauB' and Stokes' theorems, there exists relations 
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between integrals over different elements: 

dx% ~ (LL33) 

d ^~ dS ^~ dS ^ (1.1.34) 
d 

dSi «-> dft— . (1.1.35) 

1.1.8 Derivatives 

A derivative of a covariant vector does not transform like a tensor: 

dA' k _ dx 1 d fdx m \ _ dx 1 dx m dA m d 2 x m 
dx' 1 dx l dx l \dx k "V dx' 1 dx' k dx l dx' l dx' k m ' 

because of the second term which is linear and homogeneous in Ai, unless x l are linear 
functions of x K This term is symmetric in the indices i, k so the antisymmetric part 
of with respect to these indices is a tensor: 

^ = dx^dx^ dlAm = dx^dx^ d[lAm] > (LL37) 

where we denote di = -J~. The curl of a covariant vector A{ is defined as twice the 
antisymmetric part of diA k : diA k — d k Ai, and is a tensor. We will also use ^ = 
to denote a partial derivative with respect to x % . Similarly, totally antisymmetrized 
derivatives of tensors of rank (0,2) and (0,3), d^B^ and duC k i m ], are tensors. If 
B k i = Aik,i] then duB k i] = 0, or conversely, if d^B^ = then there exists a vector 
Ai such that B k i = A[ k< i]. The divergence of a tensor (or density) is a contracted 
derivative of this tensor (density): c^T ^;;;. Because of the correspondence between 
tensors and dual densities, divergences of (totally antisymmetric if more than 1 index) 
contravariant densities are densities, dual to totally antisymmetrized derivatives of 
tensors: 

Q. € i = e iklm d[ , Ckimh dk ^ = e iklm d[kBimh m ikl = e iklm d[iAmy (LL3g) 

For example, the equations jF fc j = f and Fu k n = 0, that describe Maxwell's electro- 
dynamics, are tensorial. 
References: [IJ[2]. 

1.2 AfRne connection 

1.2.1 Covariant differentiation of tensors 

An ordinary derivative of a covariant vector Ai is not a tensor, because its coordinate 
transformation law contains an additional noncovariant term, linear and homogeneous 
in Ai. Consider the expression 

Ai. k = A i>k -Tl k A h (1.2.1) 
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where the quantity F ik (in the second term which is linear and homogeneous in AA 
transforms such that A^ k is a tensor: 

, dx l dx m dx l dx m . 

A * = dx^dx 7 ^ km = dx^dx^ { l ' m ~ lm n) - ( } 

On the other hand (11.1. 36ft gives 
so we obtain 

dx l ik dx fi dx' k lm dx k dx 1 ' 1 ' ' ' 

Multiplying this equation by ^-i gives the transformation law for r/ fe : 

,j dx' j dx l dx m dx' j d 2 x n 

ik= dx n dx'i dx' k lm+ dx n dx' k dx'i ' ^' > 

The algebraic object Tf k , which equips spacetime in order to covariantize a derivative 
of a vector, is referred to as the affine connection, affinity or simply connection. 
The connection has generally 64 independent components. The tensor A^ k is the 
covariant derivative of a vector A4 with respect to x\ We will also use Vj =■{ to 
denote a covariant derivative. The contracted affine connection transforms according 
to 

dx m „ , dx % d 2 x n 
Y 1 _| 

dx' k m dx n dx' k dx l 
The affine connection is not a tensor because of the second term on the right-hand 
side of (|TT5jl . 

A derivative of a scalar is a covariant vector. Therefore a covariant derivative of 
a scalar is equal to an ordinary derivative: 



r 'ifc - Q jt r /m+ H3T a'ka'i- (1.2.6) 



(f>;i = 4>,i. (1-2.7) 

If we also assume that a covariant derivative of the product of two tensors obeys the 
same chain rule as an ordinary derivative: 

{TU).i = TtU + TUt, (1.2.8) 

then 

(A k B k ), = (A k B k ) ;i = A k;i B k + A k B k ;i = A Kl B k - V k A k B l + A k B k ;l . (1.2.9) 
Therefore we obtain a covariant derivative of a contravariant vector: 

B\ = B k i + T l k i B l . (1.2.10) 
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The chain rule (11 .2. 81) also implies that a covariant derivative of a tensor is equal to 
the sum of the corresponding ordinary derivative of this tensor and terms with the 
affine connection that covariantize each index: 

rrAj— __ rpij... , -p i rptlj... , pj rpin... , Ft! rpij... -p n rpij... 

kl...;m kl...,m ' nm kl... ' nm kl... ' " " " km nl... lm kn... ■ ■ • • 

(1.2.11) 

A covariant derivative of the Kronecker symbol vanishes: 

= rfri - rffi = o. (1.2.12) 

The second term on the right-hand side of (11.2.51) does not depend on the affine 
connection, but only on the coordinate transformation. Therefore the difference be- 
tween two different connections transforms like a tensor of rank (1,2). Consequently, 
the variation <5r/ fc , which is an infinitesimal difference between two connections, is a 
tensor of rank (1,2). 



1.2.2 Parallel transport 

Consider two infinitesimally separated points in spacetime, P(x l ) and Q(x l + dx l ), 
and a vector field A which takes the value A k at P and A k + dA k at Q. Because dA k = 
A k { dx l and A k i is not a tensor, the difference dA k is not a vector, which is related 
to subtracting of two vectors at two points with different coordinate transformation 
laws. In order to calculate the covariant difference between two vectors at two different 
points, we must bring these vectors to the same point. Instead of subtracting from 
the vector A k + dA k at Q the vector A k at P, we must subtract a vector A k + 5A k 
at Q that corresponds to A k at P, so the resulting difference (covariant differential) 
DA k = dA k — 5A k is a vector. The vector A k + 5A k is the parallel-transported or 
parallel-translated A k from P to Q. A parallel-transported linear combination of 
vectors must be equal to the same linear combination of parallel-transported vectors. 
Therefore 5A k is a linear and homogeneous function of A k . It is also on the order of 
a differential, thus a linear and homogeneous function of dx l . The most general form 
of SA k is 

5A k = -Y k A l dx\ (1.2.13) 

so 

DA k = dA k + T k A l dx i = A k .-dx\ (1.2.14) 

Because SA k is not a vector, is not a tensor. Because DA k is a vector, A k . i is 
a tensor. The expressions for covariant derivatives of a covariant vector and tensors 
result from 

5<p = 0, 5{TU) = 5TU + T5U. (1.2.15) 



1.2.3 Torsion tensor 

The second term on the right-hand side of (I1.2.5P is symmetric in the indices i, k so 

: - r j 

ik — L [ikY 



the antisymmetric part of the connection with respect to these indices, S ] ik = T, J 



is a tensor: 

bik ~ dx"dx'*dx' kb lm ' [LIAb) 
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This tensor is called the Cartan torsion tensor. The torsion tensor has generally 24 
independent components. The contracted torsion tensor, 



ok c 

° ik — D ii 



1.2.17) 



is the torsion trace vector. 



1.2.4 Covariant differentiation of densities 



A derivative of a scalar density of weight w, t, does not transform like a covariant 
vector density: 



dx 1 
dx 1 dxi 



dxi 



dx' 1 



dx 1 



dx' 1 
dx 1 



dx' 



dx' k 
dxi 



dii + w 



dx 1 



dx i 
dxi 



dxi 



dx' h 



dii + w 



dx' 1 
dx^ 



dx' k 



dx' k 

w—l 



dii + w 



dx 1 



dx' 1 



dx^ 



dx' h 



w— 1 



d, 



dx T 



dx' & 



dx T 



dx' s 



dx n d dx r 



dx' k 



w dx n d 2 x m 



dx m dx' n dx 



dx m dx 1 dx' n 



-[. 



1.2.18) 



Consider the expression 



f = f 



wTit, 



1.2.19) 



where the quantity Tj transforms such that C-j is a vector density of weight w: 



* - i 



dx 1 



dx' 1 



dx j 



dx' h 



dx 1 



dx' 1 



dx^ 



dx' k 



(1.2.20) 



On the other hand (11.2. 18[) gives 
dx 1 dxi 



t = t - wY'X 



dx 



dx' 1 



dii + w 



dxi 



dx' k 



>dx' n d 2 x m 
dx m dx' n dx 



{ — w 



dxi 



dx' 1 



r;t, (1.2.21) 



so we obtain the transformation law for I\: 



. dx 1 dx' n d 2 x m 



dx' 



dx m dx' n dx 



1.2.22) 



which is the same as the transformation law for r fei (11.2.61) . Therefore the difference 
Tj — r fe fe j is some covariant vector V{. 

If we assume that parallel transport of the product of a scalar density of any 
weight and a tensor obeys the chain rule: 

5(IT) = 51T + IST, (1.2.23) 

so a covariant derivative of such product behaves like an ordinary derivative: 

(tT).i = t-T + tT. h (1.2.24) 
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then a covariant derivative of a tensor density of weight w is equal to the sum of 
the corresponding ordinary derivative of this tensor, terms with the afhne connection 
that covariantize each index, and the term with Ff. 

_ F i ~.nj... , pj grin... , 

^ kl...;m — ^ kl...,m + 1 ram^ tL+ 1 nra' s ' M... + • • • 

-y^x 1 - ™r m c^.., (1.2.25) 

A covariant derivative of the contravariant Levi-Civita density is 

ijkl -pi njkl i rj inkl _i_ -p fe Ajnl < p i ijkn p Ajkl / 1 r> nrt 

e ;m — L nm t ~^ 1 nm t " 1_i nm e ' 1 ram e 1 m e - l^l.Z.ZUJ 

In the summations over n only one term does not vanish for each term on the right- 
hand side of (11.2.261) . so 

ijkl pi n=i\jkl _i_ p j i\n=j\kl _i_ p fc ij\n=k\l i p / ijk\n=l p Ajkl 

t ;m ~ 1 n=i|m e 1 n=j|m fc ' 1 n=k\m t ' 1 n=Z|m e 1 m e 

= (r n n m - r TO )e« w = -F m e^. (1.2.27) 

The Levi-Civita symbol is a tensor density with constant components, so it does not 
change under a parallel transport, 5e = 0. Therefore e 3 ' l . m = 0, so V{ . = and 

r < = r fc fc i . (1.2.28) 

1.2.5 Covariant derivatives 

Totally antisymmetrized ordinary derivatives of covariant tensors, Au. k j, Bw.ji and 
C[ifcZ;m], are tensors because of antisymmetrization. Totally antisymmetrized covariant 
derivatives of tensors are clearly tensors because V* is a covariant operation, and are 
given by direct calculation using the definition of a covariant derivative: 

A[i ; k] = A[i t k] — S l ik Ai, B[ ik .fl = B[ ik j} — 2S m [ ik Bi] m . (1.2.29) 

Divergences of (totally antisymmetric if more than 1 index) contravariant densities, 
€%, W\ and t k \, are densities because of the correspondence between tensors and 
dual densities. Covariant divergences of contravariant densities are clearly densities, 
and are given by direct calculation: 

C.. = C. + 2Si€, 38% = B ifc i - S k u W l + 2SiW k . (1.2.30) 

1.2.6 Partial integration 

If the product of two quantities (tensors or densities) TU is a contravariant density 
€ k then 

J TU, k dVL = J {TU), k dVL - J T. k UdVL = J {TU), k dVL + 2 J S k TUdVL - J T. k UdQ. 

(1.2.31) 
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The first term on the right-hand side can be transformed into a hypersurface integral 
JTUdSk- If the region of integration extends to infinity and <£ fc corresponds to some 
physical quantity then the boundary integral / TUdSk vanishes, giving 

J TU, k dVL = 2 J S k TUdQ - J T. k UdQ. (1.2.32) 
If T = 5 k then U = € and 

' C.idn = 2 / SitfcKl. (1.2.33) 



1.2.7 Geodesic frame of reference 

Consider a coordinate transformation 

x k = x' k + -a k lm x' l x' m , (1.2.34) 

where a k lm is symmetric in the indices I, m. Substituting this transformation to (11 .2. 51) 
and calculating it at x k = x k = gives 

d^ = 6k (L2 - 35) 

and 

y'i r,i • < fe . (1.2.36) 

Putting 

« , « = -r ( / fc) U=o (1-2-37) 

gives 

r' ( / fc) = 0. (1.2.38) 

Therefore there always exists a coordinate frame of reference in which the symmetric 
part of the connection vanishes locally (at one point). If the affine connection is 
symmetric in the covariant indices, r/ fc = (the torsion tensor vanishes) then 
( 11. 2.381) gives 

r& = 0. (1.2.39) 

The coordinate frame of reference in which the connection vanishes (locally) is referred 
to as geodesic. 



1.2.8 Affine geodesies and four-velocity 

Consider a point in spacetime P(x k ) and a vector dx k at this point. Construct a point 
P'(x k + dx k ) and find the vector d'x k which is the parallel-transported dx k from P to 
P' . Then construct a point P"(x k + dx k + d'x k ) and find the vector d"x k which is the 
parallel-transported d'x k from P' to P" . The next point is P"'(x k + dx +d'x k + d"x k ) 
etc. Repeating this step constructs a polygonal line which in the limit dx k — > 
becomes a curve such that the vector (where A is a parameter along the curve) 



14 



tangent to it at any point, when parallely translated to another point on this curve, 
coincides with the tangent vector there. Such curve is referred to as an autoparallel 
curve or affine geodesic. Affine geodesies can be attributed with the concept of length, 
which, for the polygonal curve, is proportional to the number of parallel-transport 
steps described above. 

The condition that parallel transport of a tangent vector be a tangent vector is 



dx 1 r /dx l \ dx 1 _ , dx , , ^Jdx % d x % _.\ „ 

!x + ilx) = Ix - T ^ dx = \~d\ + Jy dx h (L2 ' 40) 



where the proportionality factor M is some function of A, or 

, r d 2 x l ^ 4 dx k dx 1 1 — M dx 1 

M 1J? +T "^-—^ (1.2.41) 

from which it follows that M must differ from 1 by the order of dX. In the first term 
on the left-hand side of (11.2.411) we can therefore put M = 1, and we denote 1 — M 
by <p(X)dX, so 

d x _ ■ dx dx . , , . dx , _ _ . 

If we replace A by a new variable s(A) then fll.2.42j) becomes 

d 2 x l ^ j_, j dx fc <ix' 4>s' — s" dx 1 ^ ^ 

(is 2 c?s rfs s' 2 (is ' 

where the prime denotes differentiation with respect to A. Requiring <fis' — s" = 0, 
which has a general solution s = / dX exp [- / A 0(a;)da;], brings fll. 2.431) into 

d?x l „ , dx fc dx 1 



*» +r »-5r7h =0 - (L2 - 44) 

where the scalar variable s is the affine parameter. The autoparallel equation (11.2.441) 
is invariant under linear transformations s — > as + b since the two lower limits of 
integration in the expression for s(A) are arbitrary. Defining the four-velocity vector 

u* = d 4- (1.2.45) 

as 



brings (11.2.141) into 



A k ,u\ ^-=AV, (1.2.46) 



ds ;i <is 

so 

= ^ + T fc >V = «V = 0. (1-2.47) 

ds ds v ' 

The relations (11.2.461) can be generalized to any tensor density T: 

^ = T. iU \ d ^ = T l u\ (1.2.48) 
ds ds 
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The vector t^|q is a parallel translation of ^f~|p- Because ds is a scalar, it is invari- 
ant under parallel transport, cIs\q = ds\p. Therefore the vector dx l \Q is a parallel 
translation of dx l \p, so ds measures the length of an infinitesimal section of an affine 
geodesic. 

Only the symmetric part IV n of the connection enters the autoparallel equation 

( ll.2.44p because of the symmetry of with respect to the indices k, I; affine 

geodesies do not depend on torsion. At any point, a coordinate transformation to 
the geodesic frame ( 11. 2. 341) brings all the components IV a to zero, so the autopar- 
allel equation becomes ^ — 0. The autoparallel equation is also invariant under a 
projective transformation 

r fc *, -> r fc * { + (1.2.49) 

where Ai is an arbitrary vector. Substituting this transformation to (11.2.471) gives 

— + T k \u k u l = -u l u k A k . (1.2.50) 
ds 

If we replace s by a new variable s(s) then (II. 2.501) becomes 

du * | y i U k U l — tM±lL d A n 2 51) 

where 

E/* = ^ (1.2.52) 

ds 

and the prime denotes differentiation with respect to s. Requiring u k A k s' + s" = 0, 

which has a general solution s = — J s ds exp [/ s A k u k (x)dx], brings (11.2.511) into 

+ r^tW = 0. (1.2.53) 

1.2.9 Infinitesimal coordinate transformations 

Consider a coordinate transformation 

x'^x' + C, (1.2.54) 

where = 5x* is an infinitesimal vector (variation of x l ). For a tensor or density T 
define 

5T = T'(x' i ) -T(x% (1.2.55) 
5T = T'Ca;*) - T(x l ) = 5T - £ k T k . (1.2.56) 



For a scalar we find 
For a covariant vector 



50 = 0, 5<p = (1.2.57) 
= ^-A fc - A « (1.2.58) 

Ui^-eAk-e^k. (1.2.59) 
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The variation fll .2. 58j) is not a tensor, but fl 1 . 2 . 5 9 j) is: 

SAt = -i k A k - i k A,, k - ■lS- , lh e.\ r (1.2.60) 
We refer to —ST as a Lie derivative of T, C^T. For a contravariant vector 

8B i = - 7 - T B k (1.2.61) 

« - ^ fc B* fc = f B k - i k B l . k + 2S) k £ k B j . (1.2.62) 

For a scalar density 

dx 



St 



1 C« (1-2.63) 



dx' 1 

si « -e,t - e fc t, fc = -ey - + 2^et. (1.2.54) 

The chain rule for 8 implies that for a tensor density of weight w (which includes 
tensors as densities of weight 0) 



-< m ni„, (1-2-65) 

-2S\ m rr j ni... - 2S n lm C^- kn ,„ -... + 2wS m eX ij - kL ... (1.2.66) 

A Lie derivative of a tensor density of rank (k,l) and weight w is a tensor density of 
rank (k, I) and weight w. 

The formula for a covariant derivative of T can be written as 

T\ k = T k +rP k qT, (1.2.67) 
where C is an operator acting on tensor densities: 

q0 = o, qA fc = -4A j5 6}B k = 8 h j B\ 6}t = -8% (1.2.68) 

or generally 

c-r^... = + 8iz im kU + ...- - artft... - ... - 

(1.2.69) 

Such defined operator also enters the formula for 8T: 

8T = C k TC k . (1.2.70) 
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1.2.10 Killing vectors 

A vector Q that satisfies 

Cm = o (1.2.71) 

is referred to as a Killing vector. Along an affine geodesic 

^(«*Ci) = u k (uXi) ;k = u l u k Q, k + Qu k u\ tk = 0. (1.2.72) 

The first term in the sum in ( 11 .2.721) vanishes because of the definition of Q and 
the second term vanishes because of the affine geodesic equation. Therefore, to each 
Killing vector Q there corresponds a quantity u l Q which is constant along an affine 
geodesic. 

References: [H [21 [3]. 

1.3 Curvature 
1.3.1 Curvature tensor 

The commutator of covariant derivatives of a contravariant vector is a tensor: 

[V„ Vfc]^ = 2V b V k] B l = 2d b V k] B l - 2V { l j] V l B i + 2T l \ J V k] B l 

= 2 d[j(T\ m \ k] B m ) + 2S l jk ViB l + 2T l \ j d k] B l + 2T ^ ^ k] B m 

= 2 (d[j r \m\k] + T i\j T \L\k]) Bm + 2S l jk ViB l = R l mjk B m + 2S l jk ViB\ (1.3.1) 



where || an index which is excluded from symmetrization or antisymmetrization. 
Therefore R l m j k , defined as 

R mjk = dj^mk ~ ®kF m j + TijT mk — T lk T m j, (1.3.2) 

is a tensor, referred to as the curvature tensor. The curvature tensor R t m j k is an- 
tisymmetric in the indices j, k and has generally 96 independent components. The 
commutator of covariant derivatives of a covariant vector is 

[V„ V k }Ai = -R m l]k A m + 2S l jk ViAi, (1.3.3) 

and the commutator of covariant derivatives of a tensor is 

[Y7 V7 ~\rpin... pi rpmn... i pn rpim... • pm rpin... pm rpin... 

\y ji VfejJ i p — n m j k i lp -t n m j k i j p ... -r • • • -n. ij k i mp n p j k i lm 

-... + 2S l jk V l T i X_, (1.3.4) 
A change in the connection 

r/fc — > Tj k + T % j k , (1.3.5) 
where T l j k is a tensor, results in the following change of the curvature tensor: 

E)i . E)i I rpi r-fi _(_ r-pj T" 1 * rfj rfi 1 1 Q R\ 

Ih klm klm ' 1 km\l 1 kl;m ' 1 km 1 jl 1 kl 1 jm' y±.O.VJ 
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For a projective transformation (11. 2. 491) . T J jfc = 8jA k , so 

R % klm ~~ > R % klm + $k(Am-l ~ A/ ;m ). (1.3.7) 

The variation of the curvature tensor is 

dR\im = Him), i ~ (^Y/Xm + fir^r^ + Vji5r^ m — 5Yj m Y kl — Yj m 5Y kl 

= (fiT)! m );i — Y^SY km + Y kl 8Y^ m + Y ml 8Y k ^ — (5Y kl ). m + Y - m 5Y kl — Y km 5YJ l 

Irn k j ' j I k m ' j I k m 0L jm L kl L jrn 0L kl 
= ( 5T km);l - (fiFkl);m - 2S n lm SY kn . (1.3.8) 

1.3.2 Integrability of connection 

The afhne connection is integrable if parallel transport of a vector from point P to 
point Q is independent of a path along which this vector is parallelly translated, or 
equivalently, parallel transport of a vector around a closed curve does not change this 
vector. For an integrable connection, we can uniquely translate parallelly a given 
vector h l at point P to all points in spacetime: 

5h< = dh\ (1.3.9) 

or 

h\ k = -r/^. (1.3.10) 

Therefore 

(i',V' ? ).' - OVM,* = i;,VA ? - v-kV,!,,''- - y; u J' J + r/,^^™ = R 3lk w = o, 

(1.3.11) 

so, because h l is arbitrary, 

= 0. (1.3.12) 

Spacetime with a vanishing curvature tensor R\ lm = is /Zcrf. Consider 4 linearly 
independent vectors where a is 1,2,3,4, and vectors inverse to h l a : 

EKhka = Sl (1.3.13) 

a 

If the afhne connection is integrable then (11.3. 10p becomes 

K, k = -r,V£. (1.3.14) 

Multiplying ( 11.3.141) by /i ja gives 

r/fc = -^a^, fc = ^a,^- (1-3.15) 

An integrable connection has thus 16 independent components. If the connection is 
also symmetric, S l j k = 0, then 

hj a ,k - h ka ,j = 0, (1.3.16) 
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which is the condition for the independence of the coordinates 

Va = [ 'hiadx' (1.3.17) 



P 

of the path of integration PQ. Adopting y a as the new coordinates (with point 
P = (0, 0, 0, 0) in the center) gives 

w = *- £ = (L318) 



so (11.3. 15p becomes 

dx l d 2 y a 
dy a dx k dxi 

The transformation law for the connection (I1.2.5P gives (with y a corresponding to x /jf 



r U^) = (1-3.19) 



r/fc(y«) = 0. (1.3.20) 

A torsionless integrable connection can be thus transformed to zero; one can always 
find a system of coordinates which is geodesic everywhere. If a connection is sym- 
metric but nonintegrable then a geodesic frame of reference can be constructed only 
at a given point (or along a given world line). 

1.3.3 Parallel transport along closed curve 

Consider parallel transport of a covariant vector around an infinitesimal closed curve. 
Such transport changes this vector by 

i = I f( d(TLAi) _ W)U 



AA k = f5A k = f T k \A t dx l = - I ( --.VT " - — ^- )dj 

'd^km ^kl 



A ■ 4- (V 1 V n — V 1 V n \ A 



df 



im 



dx l dx r 

R\ lm AAf lm , (1.3.21) 



where we use Stokes' theorem ( 11.1.331) and A^i = T kl Ai which is valid along the curve 
and thus is approximately valid (to terms of first order in Af lm ) inside this curve. 
The change of a contravariant vector due to parallel transport around an infinitesimal 
closed curve results from A(A k B k ) = 0: 



SB* = --R k Um B l Af m , (1.3.22) 

and the corresponding change of a tensor results from the chain rule for parallel 
transport: 

S-rpik... _ __( pi rpjk... _|_ E)fc rpij... . _ DJ rpik... _f>j rpik... _ \ A rim 

u± np... 2^ J lm np...' 11 jlm np... ' • • • 11 nlm A jp... 11 plm,- 1 nj... ■ ■ ■J e - y J 

(1.3.23) 
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1.3.4 Bianchi identities 

Consider 



v^Vqir = ^.(ff^r) + v {s m kl v m B*) (1.3.24) 



and 



+7; Rl mjk^i Bm + S rn jk ViV m B % + S m jk R l nml B n + 2S m jk S n ml V n B\ (1.3.25) 



Total antisymmetrization of the indices j, k, I in (11 .3 .241) and (11.3.251) gives 



1 i m 1 

V[jV k Vi]B l = -V[jR) mlkl] B m + -R l m[kl] Vj]B m + V[ j S m kl] V m B 1 + S m kl V m B % 



1.3.26) 



and 



VyVfcV/]^ 2 = -~R m [m V m B l + -R! m[jk Vi]B m + S ,m [ifc V i] V TOJ B J 



SO 



+2S m lik S n lmm \7 n B\ (1.3.28) 



Comparing terms in (11.3.281) with B % gives the first Bianchi identity or simply Bianchi 
identity: 

R % n\jk-j\ = 2R l nm ijS m kl ^ (1.3.29) 
while comparing terms with Vfc-B* gives the second Bianchi identity or cyclic identity: 

R m [jkl] = ~2S m {jk;l] + ^S m n{jS n kl}- (1.3.30) 

For a symmetric connection, S l j k = 0, these identities reduce to 

R \\jk;l] = °> (1.3.31) 

R m m = 0. (1.3.32) 

The cyclic identity (11.3.321) imposes 16 constraints on the curvature tensor, so the 
curvature tensor with a vanishing torsion has 80 independent components. 

1.3.5 Ricci tensor 

Contraction of the curvature tensor with respect to the contravariant index and the 
second covariant index gives the Ricci tensor. 

Rik = R 3 ij k = r/fcj — F/j ik + r/ fc r^. — r^r^. (1.3.33) 
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Contraction of the curvature tensor with respect to the contravariant index and the 
third covariant index gives the Ricci tensor with the opposite sign due to the anti- 
symmetry of the curvature tensor with respect to its last indices. Contraction of the 
curvature tensor with respect to the contravariant index and the first covariant index 
gives the homothetic or segmental curvature tensor: 

Qik = R J jik = r/ fc i - r/ i>fc , (1.3.34) 

which is a curl. A change in the connection (11.3.51) results in the following changes of 
the Ricci tensor and segmental curvature tensor: 

Rik — ► Rik + T l ik;l — T l u . k + T 3 ik T l ji — T\{F l j kl (1.3.35) 

Qik ' Qik ■ V-' ; ,.; - V JlM . (1.3.36) 

For a projective transformation (11. 2. 491) 

Rik Rik + A k ,i — A i]k , (1.3.37) 
Qik->Qik + 4(A kii -Ai,k)- (1.3.38) 

Therefore the symmetric part of the Ricci tensor is invariant under projective trans- 
formations. The variation of the Ricci tensor is 

5R lk = [STtit - (flY,);* - 2S\ k 5T t l p (1.3.39) 

while the variation of the segmental curvature tensor is 

6Q ik = (5r j j k ) !i -(Sr? i ) >k . (1.3.40) 

1.3.6 Geodesic deviation 

Consider a family of affine geodesies characterized by the affine parameter s and 
distinguished by a scalar parameter t. Define the separation vector 

„< = (1.3.4!) 

so 

du l dv l 
dt ds 



v\ k u k - u l . k v k = v\u k - u\v k - 2S l kl u k v l = - - 2S\ lU k v l = -2S\ lU k v l . 



1.3.42) 



Therefore 

D 2 v i 



ds 



2 



v\y) ]k u k = {(i^)^ - 2{S i kl u k v l ). j u j 



u\ jk v j u k + u\ j v j ;k u k -2{S i kl u k v%ui 



\ kj v j u k - R\ jk u l v ] u k - 2S l jk u l .yu k + <i'.. :C J .jM h - 2(S i kl u k v l ) ;j u j 
= u i . kj v J u k - R\ jk u l v 3 u k - 2S l jk u\ l v j u k + u\^. k v k - 2S j kl u k v l ) 
-2{S\ lU k v l ).y = (u\ k u%vi + R ]kl u>u k v l - 2{S i kl v k v% j v? 
D 
ds 



i* iW ttW - 2-(S i kl u k v l ) (1.3.43) 
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or 

£ + 2SVV) = J* iJU uW (1.3.44) 

This is the equation of geodesic deviation. If we replace affine geodesies by arbitrary 
curves then u\ k u k ^ and (11.3.441) becomes 



£(^ + 2S i w «V) = J* iW uW + («>%V. (1.3.45) 



References: [U El El S]. 

1.4 Metric 

1.4.1 Metric tensor 

An affine parameter s is a measure of the length only along an affine geodesic. In 
order to extend the concept of length to all points in spacetime, we equip spacetime 
with an algebraic object go-, referred to as the covariant metric tensor and defined as 

ds 2 = g ik dx i dx k . (1-4.1) 

The metric tensor is a symmetric tensor of rank (0,2): 

9ik = 9ki- (1-4-2) 

The affine parameter s, whose differential is given by fll.4.1j> . is referred to as the 
interval. Because ds does not change under parallel transport along an affine geodesic 
from point P(x l ) to point Q{x % + dx l ), ds\Q = ds\p, and dx l \Q is a parallel translation 
of dx l \p, gik\Q = gik\p + gikjdxi is a parallel translation of g%k\p- 

9ik\Q = gik\p + Sg ik , (1.4.3) 

so 

Dg ik = gik-jdx 3 = dg ik - 5g ik = g ikd dx J - 5g ik = 0. (1-4.4) 
Therefore a covariant derivative of the covariant metric tensor vanishes: 

N jik = -g ik .j = (1.4.5) 

or 

9ikj-r! j gik-r£ j g« = o, (1-4-6) 

where Nij k is the nonmetricity tensor. The symmetric contravariant metric tensor 
gik _ gki j g defied as ^ ne inverse of gi k : 



9ij g ik = 5 k . (1.4.7) 
A covariant derivative of the contravariant metric tensor also vanishes: 

g% = 0. (1.4.8) 
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The metric tensor allows to associate covariant and contravariant vectors: 

A 1 = g lk A k , (1.4.9) 
= g ik B\ (1.4.10) 

because such association works for the covariant differentials of these vectors which 
are vectors: 

DA 1 = D(g tk A k ) = g tk DA u DB t = D{g lk B k ) = g lk DB k (1.4.11) 

(raising and lowering of coordinate indices commutes with covariant differentiation 
with respect to For covariant and contravariant indices of tensors and densities 

this association is 

g im r j - k i,=%J- kl ^ (1.4.12) 

g km % ij- ki = (1.4.13) 

The square root of the absolute value of the determinant 

t=\9ik\ (1.4.14) 

of the metric tensor is a scalar density, which we can use to multiply covariant inte- 
grands that contain dual densities of weight -1, since 

e lk im = J\Q\e Mm , e Mm = -L e Mm (1.4.15) 



are tensors. Thus the relations (11. 1.27j) are also valid if we replace e by e. The 
variation of the determinant of the metric tensor is 

50 = %g ik 5g ik = -mJg lk - (1.4.16) 
A covariant derivative of the determinant of the metric tensor vanishes: 

By = 0. (1.4.17) 
A Lie derivative of the metric tensor is 

C^g ik = -2^ - 4S {ik) £ l , (1.4.18) 

where ; * —. k g lk . The four- velocity vector (I1.2.45P is normalized due to (11.4.11) : 

u% = 1, (1.4.19) 

thus having 3 independent components. 

The commutator of covariant derivatives (11.3.41) of the metric tensor gives 

R {13) h = - Sm H N m ij = ~N [k \ (1.4.20) 
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so the segmental curvature tensor (11. 3. 341) is 

Qki = - VV*r (1.4.21) 

Because the nonmetricity tensor ( 11.4.51) vanishes, the curvature tensor is antisymmet- 
ric in its first two indices: 

Rijkl = —Rjikl- (1.4.22) 
Thus the segmental curvature tensor also vanishes, and 

Rijkig jl = Rik, (1.4.23) 

so there is only one independent way to contract the curvature tensor, which gives 
the Ricci tensor up to the sign. 

1.4.2 Christoffel symbols 

The condition (11.4.51) is referred to as metricity or metric compatibility of the affine 
connection, and imposes 40 constraints on the connection: 

9ik;j + 9kj;i — 9ji;k = 9ik,j ~ ^ij9lk ~ ^kj9il + 9kj,i ~ ^ ki9lj ~ ^ji9kl ~ 9ji,k + ^ j k9li 

+ T ik9ji = 9ik,j + 9kj,i - 9ji,k - 2T (ij)9ki ~ 2S l kj g u - 2S l ki gji = 0. (1.4.24) 
Multiplying (jl .4.241) by g km gives 

= {/?} + 2% } m , (1.4.25) 

where 

{ m }= 1 _ g rnk {gk . . +gk , i _ g ., k) (1 4 2g) 

are the Christoffel symbols, symmetric in their covariant indices: 

{<?} = {/J- (1-4-27) 

r£ = {**} + <?«, (1.4.28) 

where 



Because = rJU + S k ij , the metric-compatible affine connection equals 



C% = 2S {lj) k + S% (1.4.29) 
is the contortion tensor, antisymmetric in its first two indices: 

Cijk = —Cjik- (1.4.30) 

The inverse relation between the torsion and contortion tensor is 

S) k = C l m . (1.4.31) 
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The difference between two affine connections is a tensor, so the sum of a con- 
nection and a tensor of rank (1,2) is a connection. Therefore the Christoffel symbols 
form a connection, referred to as the Levi-Civita connection. Define the covariant 
derivative with respect to the Levi-Civita connection analogously to ( 11. 2. Ill) , with 
Tjj replaced by and denote it :i instead of ;i , or Vp instead of Vj. A covariant 
derivative with respect to the Levi-Civita connection of the metric tensor vanishes 
due to the definition of the Christoffel symbols: 

9ik-.j = 9ik,j - {!j}9ik - {kj}gu = 0, (1.4.32) 

which gives the inverse relation between ordinary derivatives of the metric tensor and 
the Christoffel symbols. The variation of the Levi-Civita connection is a tensor: 

Hi)} = \g k \^9u)-, + OW* - (S gij ).,). (1.4.33) 

The covariant derivative over s of a tensor density with respect to the Levi-Civita 
connection is, analogously to (11.2.481) . 

D {} T 

—T- = T :i u\ (1.4.34) 
as 

One can show that the following formulae hold: 



{ k \} = (lny'lsl),, (1.4.35) 
{ 4 * f }^" = -4r(>/W^),i. (1.4.36) 



01 

B\ A = -L^^li, (1.4.37) 



S\F tk ), h (1.4.38) 

lei 

M:k — Afci — A iik — Ak,i, (1.4.39) 



B l J\u\dSi = / B\ A J\s\dn, (1.4.40) 



where F = —F . The Christoffel symbols satisfy all formulae that are satisfied by 
Tjj in which S l j k = 0. Because the Levi-Civita connection is a symmetric connection, 
it can be brought to zero by transforming the coordinates to a geodesic frame. In a 
geodesic frame, the covariant derivative with respect to the Levi-Civita connection, 
Vp, coincides with the ordinary derivative <9j. A Lie derivative of the metric tensor 
(11.4. 181) can be written as 

C^ k = -2^- k \ C i9ik = 2£ (i!fc) , (1.4.41) 
where : * = : & g lk . A Killing vector (11.2.711) for the Levi-Civita connection satisfies 

C(«fc) = 0, (1.4.42) 



26 



thus becomes a generator of isometries, transformations that do not change the metric 
tensor. 

If the nonmetricity tensor does not vanish, the general formula for the affine 
connection (11.4.281) is 

I?, = {,$} + C% - N% + ijV (4 *j. (1.4.43) 
1.4.3 Riemann curvature tensor 

The curvature tensor constructed from the Levi-Civita connection is referred to as 
the Riemann tensor. 

P l mjk = - dki^j} + {ijHlk} - hkHmj}- (1.4.44) 
The commutator of covariant derivatives of the metric tensor vanishes: 

[Vj\ ViV = -P m i jk 9m P - P m pjk 9i m = 0, (1.4.45) 

so the covariant Riemann tensor Pi m jk is also antisymmetric in the indices i, m. Sub- 
stituting fll.4.261) in fll.4.441) gives 

Piklm = -{9im,kl + gu,im - 9il,km ~ 9km,il) + 9jn({i m }{kl} ~ {.il${.kmS)i (1-4.46) 
which explicitly shows the following symmetry and antisymmetry properties: 

Piklm = —Pikmli (1.4.47) 

Piklm = —Pkilm, (1.4.48) 

Piklm = Plmik- (1.4.49) 

Accordingly, the Riemannian Ricci tensor is symmetric: 

P lk = P\ 3k = P ki . (1.4.50) 

Substituting (11.4.281) in (11.3.51) and (11.3.61) gives the relation between the curvature 
and Riemann tensors: 

P\im = P\im + C\ m ,[ — C l kl . m + C ^C 1 ^ — C J kl C l j m . (1.4.51) 
Contracting (11.4.511) with respect to in the indices i, I gives 

Rkm = Pkm + Cfc m: i — ^ % ki:m + C\ m C j'i ~~ ^ kfi % jm- (1.4.52) 

Consequently, the Ricci or curvature scalar, 

R = R ik g ik , (1.4.53) 

is given by 

R = P-g ik (2C l il:k + C j ij C l kl -C l im C m kl ), (1.4.54) 
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where P is the Riemannian curvature scalar, 

P = P lk g tk - (1.4.55) 
The variation of the Riemann tensor is, analogously to (jl.3.8p . 

SP i Um = (S{i m }) a -(5{i l }) mi (1.4.56) 
and the variation of the Riemannian Ricci tensor is 

SPH. = (H!k}h ~ (*{/«}):*■ (1-4-57) 

The Bianchi identities (11 .3.291) and (11.3.301) contracted with respect to one con- 
travariant and one covariant index give 



R\[ik;l] — C 2R\m[iS m kl}i (1.4.58) 

Rk [jki\ — -^S k [jk-i} + ^S k n [jS n ki]- (1.4.59) 
Contracting these equations with the metric tensor gives 

Rnk;l — Rnl;k + R % n kl\i = ~^RnmS m k i ~ IK nmk S m a + IPC nml S m ik (1.4.60) 

and the contracted cyclic identity: 

R 3l - R tj = -2S j;l + 2S Wj - 2S% k + AS n S\ (1.4.61) 

Further contraction of ( 11 .4.601) with the metric tensor gives the contracted Bianchi 
identity: 

pi t> on ovnk pifc cm /i a cci\ 

K l;i ~ 2> l ~ ZKkmb I ~ K ml b ik- (1.4.02) 

The Bianchi identities (11.3.311) and (ll.3.32p for the Riemann tensor are 

n b M = ' ( 1A63 ) 

P m m = 0. (1.4.64) 
Contracting these equations with the metric tensor gives 

Pnk:l + P i nk l:i-Pnl:k = 0, (1-4.65) 

Pjl-Pij^O, (1.4.66) 

in agreement with (II. 4.501) . Further contraction of (I1.4.65P with the metric tensor 
gives the covariant conservation, 

G\, A = 0, (1.4.67) 

of the symmetric Einstein tensor, 

G lk = P ik - l -Pg ik . (1.4.68) 

28 



1.4.4 Properties of Riemann tensor 

In two dimensions there is only 1 independent component of the Riemann tensor, 
Pi2i2- The Riemann scalar is 

P = ^p, (1.4.69) 
where I is the determinant of the two-dimensional metric tensor 7^: 

t = \lik\ = 711722 - 7i2- (1.4.70) 
A surface near point x = 0, y = is given by 

v*_ (iA.n) 

2pi 2p 2 ' y ' 

where p\ and p 2 are the radii of curvature. Substituting (11.4. 7ip to 

dl 2 = dx 2 + dy 2 + dz 2 = ^ ik dx i dx k (1.4.72) 

gives jik(x,y), which then gives 

P 
~2 



= K = —, (1.4.73) 

x=y=0 PlP2 



where K is the GauBcurvature. 

In three dimensions there are 3 independent pairs, 12, 23, and 31, so the Riemann 
tensor has 6 independent components: 3 with identical pairs and = 3 with different 
pairs (the cyclic identity does not reduce the number of independent components). 
The Ricci tensor has also 6 components, which are related to the components of the 
Riemann tensor by 

P 

P a f3~/5 = Pa~,lf35 - PaSl(3 7 + -P/3<57<*7 ~ Pp-ylab + —{laSl^ ~ la-ylps)- (1.4.74) 

Choosing the Cartesian coordinates at a given point, defined by the condition 

gap = diag(l,l,l), (1.4.75) 

and diagonalizing P a p, which is equivalent to 3 rotations, brings P a/ 3 to the canonical 
form with 6 — 3 = 3 independent components. Consequently, the Riemann tensor in 
three dimensions has 3 physically independent components. The GauBcurvature of a 
surface perpendicular to the x 3 axis is given by 

K = Pl212 „ . (1.4.76) 

711722 - 7l2 

In four dimensions there are 6 independent pairs, 01, 02, 03, 12, 23, and 31, so 
there are 6 components with identical pairs and ^ = 15 with different pairs. The 
cyclic identity reduces the number of independent components by 1, so the Riemann 
tensor in four dimensions has generally 20 independent components. Choosing the 
Cartesian coordinates at a given point and applying 6 rotations brings Pijki to the 
canonical form with 20 — 6 = 14 physically independent components. 
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1.4.5 Weyl tensor 

In four dimensions the Weyl tensor is denned as 

Wiklm = Piklm — -{Pil9km + PkmQil ~ Pim9kl ~ Pkl9im) + -P{.9il9km ~ 9im9kl)- (1-4.77) 
2 

This tensor has all the symmetry and antisymmetry properties of the Riemann tensor, 
and is also traceless (any contraction of the Weyl tensor vanishes). 

1.4.6 Metric geodesies 

Consider two points in spacetime, P and Q. Among curves that connect these points, 
one curve has the minimal value of the interval s = J ds, and is referred to as a metric 
geodesic. The equation of a metric geodesic is given by the condition that / ds be an 
extremum with the endpoints of the curve fixed: 

5jds = 5j(g lk d X *d X ^ = J + I J = /^-uW 

+- J gij t kSx k u l u^ds = J d(ui5x l ) — J duidx 1 + - J gijj,5x k u l u 3 ds 

= ~ I lH 5xlds + \! fi-M^V^cis = 0, (1.4.78) 

where we omit the total differential term / d(uiSx l ) because Sx l = at the endpoints. 
Since 5x l is arbitrary, we obtain 

-^j-(9ijU J ) ~\j gjk,iU 3 u k ds = 9%rj^ + u h 9ij,kU J - g jkti u J u k ds 



du ] 



g^ + l^^u^O (1.4.79) 



ds 

or, after multiplying (11.4. 79ft by g l . 

D®u l du l 



+ = 0. (1.4.80) 



ds ds 3 
The metric geodesic equation (11.4.801) can be written as 

as z as as 

Using (jl. 4.28ft and fll.4.29|) . the affine geodesic equation (jl.2.44p can be written as 

as z as as as as 

If the torsion tensor is completely antisymmetric then the last term in (11.4.821) van- 
ishes and the affine geodesic equation coincides with the metric geodesic equation. 
The equation of geodesic deviation with respect to the Levi-Civita connection is, 
analogously to fll.3.44|) . 

P*„uW. (1.4.83) 



£>OV 



ds 2 jkl 
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1.4.7 Galilean frame of reference and Minkowski tensor 



At a given point, the nondegenerate (jj 7^ 0) metric tensor can be brought to a diagonal 
(canonical) form = diag(±l, ±1, ±1, ±1). Physical systems are described by the 
metric tensor with g < 0. Without loss of generality, we assume that the canonical 
form of the metric tensor is 

Q lk = Vik = diag(l, -1, -1, -1), g ik = rf k = diag(l, -1, -1, -1). (1.4.84) 

A frame of reference in which has the canonical form is referred to as Galilean. 
The transformation (11 .2.341) with (11.2.371) brings a symmetric affine connection, thus 
the Christoffel symbols, to zero at a given point without changing the components 
of the metric tensor because of (11.2.351) . Therefore a frame of reference can be both 
geodesic and Galilean. In such locally inertial frame first derivatives of the metric 
tensor vanish because of (ll.4.32p . The corresponding metric tensor (ll.4.84j) is referred 
to as the Minkowski tensor. In a locally inertial frame the coordinates x l , not only 
the differentials dx l , are components of a contravariant vector. 

In the absence of torsion, spacetime with a vanishing Riemann tensor P\\ m = 
is flat. In the new coordinates y a (11.3. 17L (11.3.181) gives 

9 a \y) = 9ik(x) — — = g ik (x)h ia h kb = rj ab . (1.4.85) 
oy a oy b 

Therefore in a flat spacetime without torsion one can always find a system of coordi- 
nates which is Galilean everywhere. 

1.4.8 Intervals, proper time and distances 

The form of the Minkowski tensor distinguishes the coordinate x° from the rest of 
the coordinates x a , where the index a can be 1,2,3. The temporal coordinate x° = ct, 
where t is referred to as time and c is referred to as the velocity of propagation of 
interaction. The coordinates x a are spatial and span space. The set of 4 coordinates 
x l describe an event and span spacetime. The curve x l (X), where A is a parameter, is 
referred to as a world line of a given point. The quantitites 

v a = ^- (1.4.86) 
dt y ' 

are the components of a three-dimensional vector, the velocity of this point. An 
infinitesimal interval ds is timelike if ds 2 > 0, spacelike if ds 2 < 0, and null if ds 2 = 
0. In the Galilean frame, the interval between two infinitesimally separated points 
(events) is 

ds 2 = r lik dx i dx k = c 2 dt 2 - dx a dx a , (1.4.87) 

where dx l are infinitesimal coordinate differences between the two points. The interval 
between two finitely separated points is 

As 2 = r ]lk Ax i Ax k = c 2 At 2 - Ax a Ax a , (1.4 
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where Ax 1 are finite coordinate differences between the two points. If As is timelike, 
one can always find a frame of reference in which the two events occur at the same 
place, Ax a = 0. A frame of reference in which dx a = describes a point at rest and 
is referred to as the rest frame. In this frame t — r, 

ds 2 = c 2 dr 2 , (1.4.89) 

where r is the proper time. If dx a ^ along a world line then the point moves. The 
proper time for a moving point is equal to the time measured by a clock moving with 
this point. If As is spacelike, one can always find a frame of reference in which the 
two events occur at the same time (are synchronous), Ax° = 0. If ds — along a 
world line, this world line describes the propagation of a signal (interaction), with 
v = ( v a v a ) 1/2 = c. Equations fll.4.87p and (IL4.89I) give 

dr 2 = dt 2 - -dx a dx a , (1.4.90) 
c 

so the proper time r goes more slowly than the coordinate time t. 

In the rest frame dx a = gives u a = 0. At each point in space, the condition 
dx a = gives the relation between the proper time and the coordinate time: 

dr = -Jg~^dx°, (1.4.91) 

c 



which requires 

The relation (11.4. 19p gives 



Soo > 0. (1.4.92) 



«° = (9oo)- 1/2 - (1-4.93) 



The distance between two infinitesimally separated points cannot be obtained by 
imposing dx° because x° transforms differently at these points. Instead, consider a 
signal that leaves point B(x a + dx a ) at x° + dx°_ , reaching point A(x a ) at x° and 
coming back to point B at x° + dx° + . Therefore 

ds 2 = g 00 (dx ) 2 + 2g 0a dx°dx a + g a pdx a dx p = (1.4.94) 

gives 

dx\ = — {-g 0a dx a ± J {g Qa go - g 0Q g a p)dx a dx' 3 ). (1.4.95) 

#00 

The difference in the time coordinate between emitting and receiving the signal at 
point B is equal to the difference between dx Q + and dx°_ times s/goo/ c, and the distance 
dl between points A and B is equal to this difference times c/2: 

dl 2 = la pdx a dx 13 , (1.4.96) 

where 

#00 
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is the symmetric spatial metric tensor of spacetime. This tensor is used to raise and 
lower spatial indices of quantities written in a three-dimensional (spatial) form: 

A a = 7 Q/ %, (1.4.98) 

B a = laP BP, (1.4.99) 

where r y alS is the inverse of 7 a/ 3: 

l aS lp S = 5 a p , (1.4.100) 
One can show that the following formulae hold: 

1 a P = -g a P, (1.4.101) 

S =-(?oot, (1.4.102) 

..a „0a 



g a = -g 0a , (1.4.103) 
1 

#00 



g 00 = — -g*g a , (1-4.104) 



where 



C = det7 Q/3 , (1.4.105) 
g a = -^. (1.4.106) 

goo 

The components g a form a three-dimensional vector g. 

The event at point A at x° is synchronized with the event at point B at the 
arithmetic mean of the time coordinates of emitting and receiving the signal, i.e. at 

x° + \{dx°_ + dx° + ) =x° + g a dx a . (1.4.107) 

Therefore 

5x° = g a 5x a , (1.4.108) 

which is equivalent to d~x = 0, is the difference in x° between two synchronized 
infinitesimally separated points. 

1.4.9 Spatial vectors 

The spatial components of a contravariant vector A 1 form a three-dimensional vector 
A: 

A i = (A , A a ) = (A , A). (1.4.109) 

The spatial components of a covariant-vector operator form a spatial gradient 
operator grad = V: 

*-&a§=)-&*)- 

The scalar product of two spatial vectors is 

A • B = laP A a B p . (1.4.111) 
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The square of a spatial vector A is 

A 2 = A-A. (1.4.112) 
In three-dimensional space, the permutation symbol is defined as 

Cct/37 = — eOa/37- (1.4.113) 

The three-dimensional equivalent of (11 .4. 15[) is 



e a p^ 



VUafr, e a ^ = \e a ?\ (1.4.114) 

vt 



The cross product of two three-dimensional vectors A and B, C = A x B is 

C a = e a/37 A p B' r , C a = e a ^A l3 B, / . (1.4.115) 
The three-dimensional divergence of a spatial vector A is, in analogy to (11.4.371 

divA = V • A = ^(VL4 a ) ia . (1.4.116) 
v t 

The three-dimensional curl of a spatial vector is 

(curlAf = (V x A) Q = e a ^A^ p . (1.4.117) 

The Laplacian operator is the divergence of the gradient, 

A = V 2 = V-V. (1.4.118) 

In a locally galilean frame of reference, the covariant and contravariant three-dimensional 
components of a vector are identical, because 

lap = <W, (1.4.119) 

where 5 a p is the Cartesian metric tensor, 

c^ = diag(l,l,l), <y°0 = diag(l,l,l). (1.4.120) 

In this frame we refer to the coordinates x , x , x , which are Cartesian, as x, y, z. 
The permutation symbol (11.4.1 13[) satisfies 

e a p^ a s( = o~f350~~,<; - o~/3(0~~/6, (1.4.121) 
e a ^e a(3 s = 25 l5 , (1.4.122) 
e aPl e a ^ = 6. (1.4.123) 
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One can show that the following formulae hold: 



curlgrad0 = 0, 
divcurl A = 0, 

grad(0^) = gradf/)^ + 0grad?/>, 

grad(A • B) = (A ■ V)B + (B ■ V) A + A x curl B 

+B x curl A, 

div(0A) = grad0 • A + 0div A, 

curl(0A) = grad0 x A + curl A, 

div(A x B) = B curl A - A curl B, 

curl(A x B) = (B • V) A — (A • V)B + A div B — B div A, 

curl curl A = grad div A — A A, 



A x B 



-B x A 



1.4.124) 
1.4.125) 
1.4.126) 
1.4.127) 



1.4.128) 
1.4.129) 
1.4.130) 
1.4.131) 
1.4.132) 
1.4.133) 



where 



(A ■ V)B = A a d a B. 



(1.4.134) 
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1.5 Tetrad and spin connection 
1.5.1 Tetrad 

In addition to the coordinate systems, at each spacetime point we set up four linearly 
independent vectors e l a such that 



where a, b = 0, 1, 2, 3 are Lorentz indices and 77^ = diag(l, —1, —1, —1) is the coordinate- 
invariant Minkowski metric tensor in a locally geodesic frame of reference at this point. 
This set of four vectors is referred to as a tetrad. The inverse tetrad e a% satisfies 



The coordinate metric tensor g ik is related to the Minkowski metric tensor through 
the tetrad: 



Accordingly, the determinant g of the metric tensor g^ is related to the determinant 
of the tetrad e = |e"| by 



(1.5.1) 



e i e b = S b 

p i pd _ xi 
c a c k — °k- 



(1.5.2) 
(1.5.3) 



9ik = tfe b k r] ab . 



(1.5.4) 




(1.5.5) 
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Any vector V can be specified by its components V 1 with respect to the coordinate 
system or by the coordinate-invariant projections V a of the vector onto the tetrad 
field: 

V a = e?V\ V a = eiV h (1.5.6) 
V l = e\V\ Vi = e\V a , (1.5.7) 

and similarly for tensors and densities with more indices. We can use 77^ and its 
inverse rf h to lower and raise Lorentz indices, as we use gik and its inverse g lh to 
lower and raise coordinate indices. 

1.5.2 Lorentz transformation 

The relation (ll.5.4p imposes 10 constraints on the 16 components of the tetrad, leaving 
6 components arbitrary. If we change from one tetrad e\ to another, e l b , then the 
vectors of the new tetrad are linear combinations of the vectors of the old tetrad: 

4 = AVI- (1-5-8) 

The relation ( 11.5.41) applied to the tetrad field e l b , 

g ik = e"e b k r) ab , (1.5.9) 

imposes on the matrix A b a the orthogonality condition: 

A c a A d bVcd = Vab . (1.5.10) 

We refer to A b a as a Lorentz matrix, and to a transformation of form (11.5.81) as the 
Lorentz transformation. 

1.5.3 Tetrad transport 

A natural choice for the zeroth component of a tetrad at a given point is 

el = u\ (1.5.11) 

Along a world line this tetrad should be transported such that the zeroth component 
always coincides with the four- velocity. The Fermi- Walker transport of a tetrad is 
defined as 

Ve l Du ■ Du 1 

y^ = -u^ a ^ + ^eiu r (1.5.12) 
as as as 

Putting a = in (11.5.121) gives 

V?/ _ Du 1 5 
ds ds ' 

so the Fermi- Walker transport of the four- velocity is equivalent to its covariant change 
and thus (11.5.111) is valid at all points. This transport does not change the orthogo- 
nality relation for tetrads (jl.5.ip since (jl.5. 12j) gives 

J- s (eie ib )=0. (1.5.14) 
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1.5.4 Spin connection 

Define 

<k = 4* = <* + r/ fc e£. (1.5.15) 

The quantities 

w a w = e]u j bl (1.5.16) 

transform like vectors under coordinate transformations. We can extend the notion 
of covariant differentiation to quantities with Lorentz coordinate-invariant indices 
by regarding co> ab j as a connection, referred to as Lorentz or spin connection. For a 
contravariant Lorentz vector 

V% = V; + u\V\ (1.5.17) 

where u is a covariant derivative of such a quantity with respect to x\ The covariant 
derivative of a scalar V a W a coincides with its ordinary derivative: 

(V a W a )\i = (V a W a ) ih (1.5.18) 

which gives a covariant derivative of a covariant Lorentz vector: 

W ali = W ati -u b ai W b . (1.5.19) 

The chain rule implies that a covariant derivative of a Lorentz tensor is equal to 
the sum of the corresponding ordinary derivative of this tensor and terms with spin 
connection corresponding to each Lorentz index: 

•/•'";:,7... , = t^+^jt^+J'jt^ +. . .-<s*t^-<s a t*^-. . . . (1.5.20) 

We assume that the covariant derivative u is total, that is, also recognizes coordinate 
indices, acting on them like .j. For a tensor with both coordinate and Lorentz indices 

rpaj... _ rpaj... , a rpej... ,-pjrpal... , e rpaj... -plrpaj... /-, r ni\ 

1 bk...\i — 1 bk...,i^ u ei L bk...~ i ~ L li 1 bk...~r~ ■ ■ ■ u bi 1 ek... 1 ki 1 bl... ■■■■ 

A total covariant derivative of a tetrad is 

„i „i i i 7 , ,b „i 



^a\k 



el k + T; k ei-u b ak el = Oi (1-5.22) 



due to (11.5.15j) . Therefore total covariant differentiation commutes with converting 
between coordinate and Lorentz indices. Equation (11.5.2211 also determines the spin 
connection uj a bi in terms of the affine connection, tetrad and its ordinary derivatives: 



to 



e%{e k b>i + Y^ b ). (1.5.23) 



Conversely, the affine connection is determined by the spin connection, tetrad and its 
derivatives: 

r/ fe = 4 fc + e£ fe et (1.5.24) 

The torsion tensor is then 
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and the torsion vector is 

S { = u\ lk] + e\ iM e k a . (1.5.26) 
Metric compatibility of the affine connection leads to 

9ik;j = 9ik\j = e a i e kilab\3 = ~ete b k (uJ c aj r] cb + u) c hj r] ac ) = -(u kij + u ikj ) = 0, (1.5.27) 

so the spin connection is antisymmetric in its first two indices: 

u\ = -u b \ (1.5.28) 

Accordingly, the spin connection has 24 independent components. The contortion 
tensor is 

Cijk = ^ijk + (1.5.29) 

where 

A ijk = ^ia^\j,k] ~ e ja£[i,k] ~ e kaZ[ij\ (1.5.30) 

are the Ricci rotation coefficients. The first term on the right-hand side in (11.5.291) is 
expected because both the contortion tensor and spin connection are antisymmetric 
in their first two indices. The quantities 

™\k = <:k = <fc + (1-5-31) 

form the Levi-Civita spin connection and are related to the Ricci rotation coefficients 
by (I1.5.29P with C ijk = 0, 

t&ij k = — Ayfc, (1.5.32) 

so 

Cijk — ^ijk ~ ^ijk- (1.5.33) 

1.5.5 Tetrad representation of curvature tensor 

The commutator of the covariant derivatives of a tetrad with respect to the affine 
connection is 

This commutator can also be expressed in terms of the spin connection: 

e a;\ji] — ^ a[j;i] ~ K e b U a\j ) ;i] ~ ^ba^ j] + ^ a[j;i] e b 

= uj^uj^ + u b a[hl] et + S 1 ^. (1.5.35) 

Consequently, the curvature tensor with two Lorentz and two coordinate indices de- 
pends only on the spin connection and its ordinary derivatives: 

R% = u\ hl - u\ + u a cl co c bj - u a cj u c u . (1.5.36) 

Because the spin connection is antisymmetric in its first two indices, the tensor 
(I1.5.36P is antisymmetric in its first two (Lorentz) indices, like the Riemann ten- 
sor. The contraction of the curvature tensor (11 .5.361) with a tetrad gives the Ricci 
tensor with one Lorentz and one coordinate index: 

R bj = i?Vl- (1.5.37) 
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The contraction of the tensor R a i with a tetrad gives the Ricci scalar, 

R = R a ie i = R%ei4. (1.5.38) 

The Riemann tensor with two Lorentz and two coordinate indices depends on the 
Levi-Civita connection (11.5.311) the same way the curvature tensor depends on the 
affine connection: 

pa bij = ™ a bj,i ~ ^ a bij + ™ a d w \i ~ ™ a cj™ c bi- (1.5.39) 

The contraction of (I1.5.39P with a tetrad gives the Riemannian Ricci tensor with one 
Lorentz and one coordinate index: 

Pbj = P a uA- ( L5 - 4 °) 

The contraction of the tensor P" with a tetrad gives the Riemann scalar, 

P = P^ = P%eU- (1-5.41) 



References: [3j El El H E] • 
1.6 Lorentz group 

1.6.1 Subgroups of Lorentz group and principle of relativity 

A composition of two Lorentz transformations K\ and A 2 , 

A\ = Afo c Afo 6) (1.6.1) 

satisfies (jl.5.10p . so it is a Lorentz transformation. The Kronecker symbol 5% also sat- 
isfies (11 .5. 101) . so it can be regarded as the identity Lorentz transformation. Therefore 
Lorentz transformations form a group, referred to as the Lorentz group. Taking the 
determinant of the relation (11 .5. 101) gives 

|A a fe |=±l. (1.6.2) 

A Lorentz transformation with |A a fe | = 1 is proper and with |A a fe | = —1 is improper. 
Proper Lorentz transformations form a group because the determinant of the product 
of two proper Lorentz transformations is 1 . Improper Lorentz transformations include 
the parity transformation P 

A a b (P) = diag(l, -1,-1,-1), (1.6.3) 

and the time reversal T 

A a fe (T) = diag(-l, 1,1,1). (1.6.4) 
The relation fll.5.10p gives A° A - A° a A° Q = 1, so 

|A° | > 1. (1.6.5) 



39 



Lorentz transformations with A° > 1 are orthochronous and form a group. If x % is 
a timelike vector, x l Xi > 0, then for an orthochronous transformation x'° = A° x° + 

AO a 
iv a x i 

|A° Q x Q | < y/A° a A° a x^ < ^/(A° ) 2 (x ) 2 = |AV°I- (1-6.6) 

Thus the time component of a timelike vector does not change the sign under or- 
thochronous transformations. Einstein's principle of relativity states that all physical 
laws are invariant under transformations within the orthochronous proper subgroup 
of the Lorentz group. 

Under the parity transformation, the spatial components of contravariant and 
covariant vectors (three-dimensional vectors) change the sign, while the spatial com- 
ponents of dual vectors (cross products) do not change the sign. Similarly, the scalar 
contraction of the Levi-Civita symbol and a tensor changes the sign, while a scalar 
does not. Quantities that transform under proper Lorentz transformations like vec- 
tors and do not change the sign in their spatial components under parity are referred 
to as axial vectors or pseudovectors. Quantities that transform under proper Lorentz 
transformations like scalars and change the sign under parity are referred to as pseu- 
doscalars. 

1.6.2 Infinitesimal Lorentz transformations 

Consider an infinitesimal Lorentz transformation 

A"„ = # + (1.6.7) 

where e M „ are infinitesimal quantities. The relation fll.5.10j) gives 

V = -e„ M , (1.6.8) 

where the indices are raised and lowered using the Minkowski metric tensor. Therefore 
Lorentz transformations are given by 6 independent antisymmetric parameters e^. 
The corresponding transformation of a contravariant vector is 

A"* = A» + e\A v = A» + V(<^ - Kv P u)A v = A» + J^A\ (1.6.9) 
where 



J^ = S^-6^- (1-6-10) 



Define matrices J prj such that 



(« = ^V- (1-6-11) 
Therefore, in the matrix notation (with A^ treated as a column), 



A'= (l + -e p °J pa )A. (1.6.12) 



1 

— ( 

2 

The 6 matrices J pcr are the infinitesimal generators of the vector representation of the 
Lorentz group. The explicit form of the generators of the Lorentz group in the vector 
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representation is 
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1.6.13) 



1.6.3 Generators and Lie algebra of Lorentz group 

The commutator of the generators of the Lorentz group in the vector representation 
is, using fll.6.101) and fjl.e5.lip . 



\Jkti J i 



peril/ 



(1.6.14) 



so 



\Jkti J P<j\ Jup^Tcr Jra^np 1 Jna^Tp ~\~ Jrp^Ka- (1.6.15) 

The relation (11.6.151) constitutes the Lie algebra of the Lorentz group. If a set of 
qantitites transforms under a Lorentz transformation A with a matrix D(A) 



4> — ► D(\)cf), 

then D is a representation of the Lorentz group if 

D{I) = /, D(AiA 2 ) = D(A 1 ) J D(A 2 ) 



1.6.16) 



1.6.17) 



where / denotes the identity transformation, and Ai and A 2 are two Lorentz trans- 
formations. Therefore 

D(k- 1 ) = D-\k), (1.6.18) 

where A -1 is the Lorentz transformation to A: AA _1 = /. For an infinitesimal Lorentz 
transformation in any representation, 



D(A) = I+~e»° J pcn 



according to ( 11.6.121) . The relation 

^(A^Ar 1 ) = D(A 1 )D{A 2 )D~ 1 (A 1 ) 
gives (11.6.151) . valid for any representation of the Lorentz group. 



1.6.19) 



1.6.20) 
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If Ai and A2 are two group transformations then A3 = Aj^Ajf 1 is a group trans- 
formation. If A 2 = I + 62^*2 is an infinitesimal group transformation with generator 
Gi then A3 = / + e^AiG^A^ is an infinitesimal group transformation with genera- 
tor G 3 = A1G2A1 1 . If Ai = / + eid is an infinitesimal group transformation with 
generator G\ then, neglecting terms in t\ of higher order, G 3 = G 2 + ei[Gi,G 2 ], so 
[Gi,G'2] is a generator. For a finite number N of linearly independent generators, a 
general infinitesimal group transformation is A = / + Y^ =1 e a G a . Because [G a ,Gb] is 
a generator, it is a linear combination of the N generators: [G a ,Gb] = S^ 1 / (lfec G c , 
where f a bc are structure constants of the Lie algebra of the given group. For the 
Lorentz group, e a G a = D(A) — I, where D(A) is given by ( 11.6. 19|) . 

1.6.4 Rotations and boosts 

Rotations are proper orthochronous Lorentz transformations with 

A° a = A a = 0, A° = l. (1.6.21) 

Rotations act only on the spatial coordinates x a and form a group, referred to as the 
rotation group. Boosts are proper orthochronous Lorentz transformations with 



A a p = 0. (1.6.22) 



Define 



J a = \e aM J^ : (1.6.23) 
K a = J 0ai (1.6.24) 



and 



# a = \e af3 y\ (1.6.25) 
Va = eoa (1.6.26) 

(for the Lorentz group g = 1, so the tensors e and densities e are numerically iden- 
tical). The explicit form of the generators of the rotation group J a in the vector 
representation is 






J x = -1 , J 2 = , J 3 = 1 . (1.6.27) 



For an infinitesimal Lorentz transformation (11.6. 191) 

D = l + ^-J + r7-K. (1.6.28) 

A finite Lorentz transformation can be regarded as a composition of successive 
identical infinitesimal Lorentz transformations: 

D = lim n ^ 0O (l + 6 ■ 3/n + t] ■ K/n) n = e e j+ri K . (1.6.29) 
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The finite parameters 0, r\ are the canonical "parameters for a given Lorentz transfor- 
mations. For a finite Lorentz transformation, (11.6. 19[) gives 



D(A) 



6 2 e J P 



1.6.30) 



so 



J, 



dD(A) 



[IV 



A=I 



1.6.31) 



The explicit form of a finite Lorentz transformation in the vector representation is 



Ri 



Bo 



a r)K 2 



^ 1 \ 

10 

cos# — sin# 

V sin# cos6 j 

( 1 \ 

cos# —sind 

sin^ cos# 

V 1 / 

/ cosh?7 sinh?7 \ 

10 

sinh?7 cosh?7 

V 1 / 



R2 



JJ2 



Bi 



,vKi 



(I ^ 

cos# sin^ 

10 

V -sin^ cos# ) 

( coslr/7 sinhr/ \ 

sinhr/ coslr/7 

10 

V 1 / 

/ cosh?] sinhr? \ 

10 

10 

V sinhr? coslr/7 j 

(1.6.32) 



where R a denotes a rotation about the x a -axis and B a denotes a boost along this 
axis. The canonical parameters 6 and rj are referred to as the angle of rotation and 
rapidity, respectively. The explicit form of a finite rotation in the three-dimensional 
vector representation is 



Ri{9) 
R 3 (0) 



1 
cos# — sin# 
sin8 cos8 

cos# — sin# \ 
sin6* cos# 



Rz{6) 



I cos# sin# 

1 
y — sin^ cos# 











1.6.33) 



1 J 



For instance, 



/ V x 

V v M 



( V 

X 



The relation (11.6. 31[) gives 



/ v x 
V v M 



( V x cosQ — VySmB 
V x sm9 + V y cos9 

V, " 



J a 



dR a {9) 
86 



(1.6.34) 



1.6.35) 
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The commutation relation (11.6. 15p gives 



[J a , Jp] = e a /3yJ^, (1.6.36) 
[J a , Kp\ = e a/ 3 7 K y , (1.6.37) 
[K a , Kp\ — —e a f 3l J 1 . (1.6.38) 

Therefore rotations do not commute and form a nonabelian group, rotations and 
boosts do not commute, and boosts do not commute - changing the order of two 
nonparallel boosts is equivalent to applying a rotation, referred to as the Thomas- 
Wigner rotation. The structure constants of the Lie algebra of the rotation group are 
fabc = e a fe c . Moreover, the square of the generators of rotation, 

J 2 = J a J a , (1.6.39) 

commutes with J a : 

[J 2 , Jp\ = [J a , Jp\J a + J a [J a , J/3] = e a/?7 (J 7 J a + J a J 7 ) = 0. (1.6.40) 
Definining 

L = i(J + *K), (1.6.41) 

Q = l(J-zK), (1.6.42) 

gives 

[L a , Lp] = e a p 7 L 7 , (1.6.43) 

[Q a , Qp\ = eafrQ-f, (1.6.44) 

[L a ,Qp] = 0, (1.6.45) 

so the Lorentz group is isomorphic with the product of two complex rotation groups. 
Accordingly, the Lorentz group can be regarded as the group of four- dimensional 
rotations in the Minkowski space, or the group of tetrad rotations. 

1.6.5 Poincare group 

Under the infinitesimal coordinate transformation (11 .2. 541) in a locally flat spacetime, 
fll.4.4ip gives 

Vik -> Vik ~ £i,h ~ ik,i- (1.6.46) 
Thus the tensor 77^ is invariant under (jl.2.54j) (isometric) if £ l is a Killing vector, 

£(i,k) = 0, (1.6.47) 

which has the solution 

C = e lk x k + e\ (1.6.48) 
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where e lk and e' are constant. The first term on the right-hand side of (I1.6.48P 
corresponds to a Lorentz rotation described by 6 parameters e lk . The second term 
on the right-hand side of (11.6. 481) corresponds to a translation. A combination of two 
translations does not change if their order is reversed, so translations commute: 

[T^, T v \ — 0, (1.6.49) 

where is the generator of translation. The relations (I1.6.36P and (11.6.371) mean 
that J a and K a are spatial vectors under rotations. Spatial translations are spatial 
vectors under rotations, while a time translation is a scalar: 

[J<x,Tp] = e Q/ g 7 T 7 , (1.6.50) 
[J«,To] = 0. (1.6.51) 

The last relation indicates that the generators of rotations, like generators of spatial 
translation, correspond to conserved quantities, which are quantities that do not 
change in time. The covariant generalization of (II .6.501) and (11.6.511) is 

[J/*, T p\ = T iJ]v P - Tyri^p. (1.6.52) 

The relations ( 11.6. 151) . (11.6.491) and (11.6.521) constitute the Lie algebra of the inhomo- 
geneous Lorentz or Poincare group. In particular, 

[K a ,Tp\ = -%S aP , (1.6.53) 
[K a ,T ] = -T a . (1.6.54) 

The last relation indicates that the generators of boosts do not correspond to con- 
served quantities. 

For an infinitesimal rotation about the z-axis, 

(1 + 9J z )f(ct, x) = D(R z (6))f(ct, x) = f(ct, R z (9)x) « f(ct, x - 9y, 6x + y, z) 
df df 

= f (ct,x )-0yJ- + 0x^-, (1.6.55) 
ox ay 

or 

J z = x- y— , (1.6.56) 

ay ox 

which gives the differential representation of rotations: 

J a = eap-yZpdj. (1.6.57) 

For an infinitesimal boost along the z-axis, 

(1 + V K z )f(ct, x) = D(B z ( V ))f(ct, x) = f(B z ( V ) (ct, x)) w f(ct + V z, y, z + net) 
df df 

= f(ct,x)+ V z-^- + V ct-±, (1.6.58) 

or 
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which gives the differential representation of boosts: 

K - = x -ik + *-5*- (L6 ' 60) 

The relation for an infinitesimal translation, analogous to ( 11.6. 191) . is 

D(t) = I + 6%, (1.6.61) 

so a finite translation is given by 

D(t) = e eMT ". (1.6.62) 
Translation in (11.6.48)) can also be written as 

t M (e)x" = x v + e8£. (1.6.63) 
The relation analogous to (II .6.35j) is 

dtJe) 



rp _ " ^MV 

de 



e=0 

The differential representation of a translation is thus 





1.6.64) 



T, = ^. (1.6.65) 

1.6.6 Casimir operators of Lorentz and Poincare group 

Analogously to (11.6.401) . 

[L 2 , Lp\ = 0, (1.6.66) 
[Q 2 ,Q/3] = 0, (1.6.67) 

so L 2 and Q 2 commute with all 6 generators of the Lorentz group. Consequently, 
j2 _|_ j£i an j j . commute with all generators of the Lorentz group, that is, are 
the invariants or Casimir operators of the Lorentz group. The Casimir operators of 
Lorentz group do not commute with the generators of translation T M , so they are not 
the invariants of the Poincare group. Instead, the mass operator 

m 2 = —T^Tp (1.6.68) 

and 

W 2 = r^, (1.6.69) 
where is the Pauli-Lubariski pseudovector 

W = ~e^J pa T v , (1.6.70) 
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commute with all generators of the Poincare group, so they are the Casimir operators 
of the Poincare group. The Pauli-Lubahski pseudovector obeys the commutation 
relations 

[T„W„}=0, (1.6.71) 
[■V, Wp] = Wtf„ p - W uV p P , (1.6.72) 
[W", W v ] = e^ p<J W p T a . (1.6.73) 

The relation ( 11 .6.721) is analogous to ( 11.6.521) because behaves like a vector under 
proper Lorentz transformations. 

Define the four-momentum operator 

P» = iTp, (1.6.74) 

whose time component is the energy operator Pq = iT and spatial components form 
the momentum operator P a = iT a . Define the angular four-momentum operator 

Mp tV = iJp tV: (1.6.75) 

whose spatial components form the angular momentum operator 

M a = ij a . 

Therefore the following relations are satisfied: 

[M^, M pa ] = —i(M w r) V(r + M va ri w - M pa r] up - M vp r] IMT ), 
[P fl ,P„}=0, 

[M^, P p ] = i(P p Vu P ~ P v Vw)> 
m 2 = P»Pp, 

W» = -^e^M pa P u , 
[Pp,W v } = 0, 

[M pu , W p ] = i(W p r, vp - W u 7]p P ), 
\W», W u ] = -ie^WpPv, 
[M a , M p ] = ie aM M T 

1.6.7 Relativistic kinematics 

Consider a boost in the direction of the z-axis 

x n = e -vK 3x i^ (1.6.86) 

where x l and x n have a form of a column (4x1 matrix) , and e^ 3 is given by (1 1 . 6 . 3 2 j) . 
Therefore the coordinates in an inertial i^-system (unprimed) are related to the co- 
ordinates in an inertial i^'-system (primed) by 

ct = ct'coshn + z'sinhrj, 
x = x\ y = y\ 

z = z'coshr] + ct'sinhi]. (1.6.87) 
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Consider the origin of the if'-system, x' = y' = z' = 0, in the X-system. Therefore 

ct = ct'coshi], 

z = ct'sinhr], (1.6.88) 

which gives the relation between the rapidity r] and velocity V = 4| of K' relative to 
K: 

tanhr/ = (3, (1.6.89) 

where 

13 = —. (1.6.90) 

c 

Accordingly, coshr/ = 7 and sinh?7 = flj, where 

7= (1-—) . (1.6.91) 



c- 



The relations (11.6.871) become 



t = 7 (f + - 2 z< 



x = x, y = y, 

z = j(z' + Vt'), (1.6.92) 

and are referred to as a special Lorentz transformation in the ^-direction. The reverse 
transformation is 

x' = x, y' = y, 

z' = j(z-Vt). (1.6.93) 

For a boost along an arbitrary direction, the spatial vector x = (x, y, z) transforms 
such that its component parallel to the velocity V = cf3 of K' relative to K, xy = 
(x ■ V)V /V 2 (similarly for primed), behaves like z in (11.6.921) and its component 
perpendicular to V, xj_ = x — xh, behaves like x in fjl.6.92[) : 

X ± = x'_l, 

X||= 7 (x(|+V0, (1.6.94) 

so 

x = 7(xj, + VO + x' ± = 7 Vf + x' + 17 J ^ ] . (1.6.95) 

Therefore the transformation law for the coordinates in two inertial frames of reference 
is 
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or equivalently 

The matrix in (11.6.971) is called a boost matrix. In the local Minkowski spacetime, 
contravariant vectors transform like x l , according to (11.6.961) . 



W° \ _ ( 7 7/3 \( V'° 

W ) ~ \ 7 /3 1 + ) { W 



1.6.98) 



covariant vectors transform such that they remain related to contravariant vectors 
by the Minkowski metric tensor, and tensors transform like products of vectors. For 
example, if V = cf3z is parallel to the tensor of rank (0,2) transforms 

according to 

Too = 7 (Toe + /3T 03 /) = 7 2 (T / ' + /3T 3 / ' + (3Tq, w + /3 2 T 3 / 3 ,), 
T ± = 7(To'±' + PT 3 , ±I ), 

T 03 = 7(^03' + (3T 00 >) = 7 2 (^o'3' + /3T 3 / 3 / + /3T /q' + /? 2 T 3 / '), 

Tj_j_ = Tj_/j_/, 

^3± = 7(^3'±' + PT , ± ,), 

T 33 = 7(T 33 ' + PTw) = 7 2 (^ 3 ' + PT m , + /WW + /? 2 T o , o 0, (1-6.99) 

where the index _L denotes either 1 or 2, and the transposed components Tj k = 
Tfcj transform like the transpositions of the right-hand sides in (11.6.991) . If is 
antisymmetric then T 03 = T / 3 /. 

The relations (11.6.921) can be written as 

dt = ^(dt' + —dz' 
v cr 

dx = dx' , dy = dy', 

dz = j(dz' + Vdt'), (1.6.100) 

which gives 

vL 



J(l + Vv' z /c 2 ) , 

7 (l + ^/c 2 )' 
v'+V 



Vv'Jc 2 



1.6.101) 



where 



<ix , dx.' 

v -m- v= 1F- (L6 ' 102) 

Two special Lorentz transformations in the same direction commute because of (ll.6.38p . 
If a Lorentz transformation from K' to K has parameters (3\ and 71, and a Lorentz 
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transformation from K" to K' has parameters (3 2 and 72, then a Lorentz transforma- 
tion from K" to K has parameters p3 and 73 such that 

& = rr^l . 73 = 7172(1 + ^/82). (1.6.103) 
1 + P1P2 

For a boost along an arbitrary direction, (11.6.961) gives the Lorentz transformation of 
velocities: 

7(1 + v' ■ V/c 2 ) V ; 

If f ' = |V'| = c then v — |V| = c, in agreement with the constancy of the velocity of 
propagation of interaction. 

Consider two points at rest in the inertial frame of reference K with positions z\ 
and z 2 , so the distance between them is Az = z 2 — z\. In the inertial frame K' , moving 
relative to K in the z-direction with velocity V, Z\ = ■y{z' 1 + Vt' 1 ) and z 2 = ^{z^ + Vt^), 
so if t\ = t 2 is the time at which we measure (simultaneously) the positions of the 
two points then Az = ^{z' 2 — z[) = 7A2 7 . Therefore the length of an object in K', 
whose length in the rest frame K is / {proper length), is 

/' = -</, (1.6.105) 

7 

which is referred to as the Lorentz- FitzGerald contraction. The volume of an object 
in K', whose volume in the rest frame K is V {proper volume), is 

V = —. (1.6.106) 

7 

Suppose that there are two rods of equal lengths, moving parallel relative to each 
other. From the point of view of an observer moving with the first rod, the second 
one is shorter, and from the point of view of an observer moving with the second 
rod, the first one is shorter. There is no contradiction in this statement because the 
positions of both ends of a rod must be measured simultaneously and the simultaneity 
is not invariant: from the transformation law (11.6.921) it follows that if St = then 
St' ^ and if St' = then St ^ 0. 

Consider a clock (any mechanism with a periodic or evolutionary behavior) at 
rest in K' with position z'\ the time difference between two events with t' x and t' 2 , as 
measured by this clock, is At' = t' 2 — t[. In the frame K, t\ = 7^ + Vz' /c 2 ) and 
t 2 = -f{t' 2 + Vz'/c 2 ), so 

At = t 2 - h = ^At' > At'. (1.6.107) 

Thus the rate of time is slower for moving clocks than those at rest {time dilation), 
in agreement with (11.4.901) and (11.4. 96p . from which c 2 dr 2 = c 2 dt 2 — dl 2 and 

dr = -dt. (1.6.108) 

7 

Suppose that there are two clocks linked to the inertial frames K and K', and that 
when the clock in K passes by the clock in K' the readings of the two clocks coincide. 
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From the point of view of an observer in K clocks in K' go more slowly, and from 
the point of view of an observer in K' clocks in K go more slowly. There is no 
contradiction in this statement because to compare the rates of the two clocks in K 
and K' we must compare the readings of the same moving clock in K' with different 
clocks in K\ we require several clocks in one frame and one in the other, thus the 
measurement process is not symmetric with respect to the two frames of reference. 
The clock that goes more slowly is the one which is being compared with different 
clocks in the other frame. The time interval measured by a clock is equal to the 
integral 



At = -Jds (1.6.109) 

along its world line. Since the world line is a straight line for a clock at rest and a 
curved line for a clock moving such that it returns to the starting point, the integral 
/ ds taken between two world points has its maximum value if it is taken along the 
straight line connecting these two points. 

For a Lorentz transformation with velocity V = |V|, (11.6. 104p gives 

tantf = , V ' Si f — , (1.6.110) 

7(u / cos0 / + vy K ' 

where 9 is the angle between v and V, and 9' is the angle between v' and V. If 
v = v' = c then 

cosfl' + 1 
l + ^cosfl /: 



which is referred to as the aberration of a signal. Suppose an observer in frame K 
measures a periodic signal with period T, frequency v — ^ and wavelength A = ^, 
propagating in the —z direction; the number of pulses in time dt is n = udt. A second 
observer in frame K', moving in the z direction with velocity V relative to the first 
one, travels a distance Vdt and measures ^ more pulses: n' = u(l + —)dt. Because 
the time interval dt with respect to K' is dt' = the frequency of the signal in K' 
is z/ = 71/(1 + — ) or 

v' = eV. (1.6.112) 

This dependence of the frequency of a signal on a frame of reference is referred to as 
the Doppler effect. 

When c — > 00 (at which 7 — ► 1) the above formulae, referring to relativistic 
kinematics, reduce to their nonrelativistic limit. The Lorentz transformation (11.6.961) 
reduces to the Galileo transformation, 

t = t\ 

x = x' + W, (1.6.113) 

so the time is an absolute (invariant) quantity in nonrelativistic {Newtonian) physics. 
Any two Galileo transformations commute. The transformation law for velocities 
(11.6.1041) reduces to the simple addition of vectors, 

v = v' + V. (1.6.114) 
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1.6.8 Four-acceleration 

In a locally inertial frame of reference, the four-velocity is 

^ = (7,7^), ^ = (7,-7^), (1.6.115) 
where v is the velocity and 7 = (1 — ^-) -1 / 2 . Define the four- acceleration 

w l = — = -—, (1.6.116) 

as ds z 

which is orthogonal to u % because of ( 11.4. 19ft : 

w i u i = ®, (1.6.117) 

thus having 3 independent components. In a locally inertial frame of reference, the 
four-acceleration is 



where a is the three-dimensional acceleration vector 

dw (i 2 x 



alt dt 2 

The invariant square of the four-acceleration is thus 



1.6.119) 



4 2 

ir'ir, = -^(a 2 + ^(v • a) 2 ). (1.6.120) 



If v = at a given instant of time, the corresponding frame of reference is referred 
to as the instantaneous rest frame. In this frame 



a 2 

w l Wl = --, (1.6.121) 

c 4 



so 

„2 



ao = (fy-wiwi (1.6.122) 

is the absolute value of the acceleration in the instantaneous rest frame. 
References: [21 [3]. 

1.7 Spinors 

1.7.1 Spinor representation of Lorentz group 

Let 7° be the coordinate- invariant 4x4 Dirac matrices defined as 

7V + 7V = 2v ab I, (1-7.1) 
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where / is the unit 4x4 matrix (4 is the lowest dimension for which (ll.7.ip has 
solutions). Accordingly, the spacetime-dependent Dirac matrices, 7* = e^7 a , satisfy 

7 y + yy = 2<7 ij 7. (1.7.2) 

Under a tetrad rotation, (I1.5.8P gives 

T = A a 6 7 6 - (1-7.3) 

Let L be a 4x4 matrix such that 

7 a = A^iVL" 1 = I/fL' 1 , (1.7.4) 

where L~ x is the matrix inverse to L: LL~ l = L~ X L = I. The condition (11 .7. 41) 
represents the constancy of the Dirac matrices 7" under the combined tetrad rotation 
and transformation 7 — > L'-fL' 1 . We refer to L as the spinor representation of the 
Lorentz group. The relation (11. 7.4ft gives the matrix L as a function of the Lorentz 
matrix A a b . For an infinitesimal Lorentz transformation (11.6.71) . the solution for L is 

L = I + l -e ab G a \ L- X = l- X -e ah G a \ (1.7.5) 

where G ab are the generators of the spinor representation of the Lorentz group: 

G ab = \{i a i b -i b i a ). (1-7.6) 

A spinor ip is defined as a quantity that, under tetrad rotations, transforms ac- 
cording to 

rj) = Lip. (1.7.7) 
An adjoint spinor ip is defined as a quantity that transforms according to 

^ = V>L -1 , (1.7.8) 

so the product tpip is a scalar: 

= $ip. (1.7.9) 

The indices of the 7" and L that are implicit in the 4x4 matrix multiplication in 
(11.7.11) . (I1.7.2p and fll.7.4j) are spinor indices. The relation (jl.7.4p implies that the 
Dirac matrices 7° can be regarded as quantities that have, in addition to the invariant 
index a, one spinor index and one adjoint-spinor index. The product ipip transforms 
like the Dirac matrices: 

^ = LipipL- 1 . (1.7.10) 

The spinors ip and ip can be used to construct tensors. For example, %p^ a ip transforms 
like a contravariant Lorentz vector: 

$y a ip -> ipL- 1 A a b ]rr b L- 1 Lil) = AVhV (1.7.11) 
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1.7.2 Spinor connection 

The derivative of a spinor does not transform like a spinor: 

= Lip ti + L £-0. 

If we introduce the spinor connection Tj that transforms according to 

Ti = LTiL 1 + L^L , 
then a covariant derivative of a spinor, 

is a spinor: 

■0 ; < = - iW = + AiV' - (WjlT 1 + L^L~ l )L^ = Lip.i. 
Because xpi/j is a scalar, 

the chain rule for covariant differentiation gives a covariant derivative of an 
spinor 

Also 

The Dirac matrices 7° transform like tpip, whose covariant derivative is 
Therefore a covariant derivative of the Dirac matrices is 

7 a ;l = 7 a , l -[r J ,7l = -[r„7 a ], 

so 



Accordingly 



7 |i = w bi 7 - [r i; 7 j. 
The quantity TpY^H transforms under Lorentz rotations like a scalar: 

$7V|< -> i>L~ 1 L'y i L~ 1 Lip\ i = i^yV|i- 
The relation ?7 afc |j = implies that 

7 a |, = 0, 

because the Dirac matrices 7 a only depend on r^. Multiplying both sides of 
by 7 a from the left gives 

Wa6i7 a 7 6 - 7al> a + = 0. 



1.7.12) 
1.7.13) 
1.7.14) 

1.7.15) 

1.7.16) 
adjoint 

1.7.17) 
1.7.18) 

1.7.19) 

1.7.20) 

1.7.21) 
1.7.22) 

1.7.23) 
1.7.24) 

1.7.25) 
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We seek the solution of (11. 7.25ft in the form 

Ti = -|U; o6i 7 7 6 - Ai, (1.7.26) 

where Ai is a spinor-tensor quantity with one vector index. Substituting ( 11. 7.26ft to 
(ll.7.25p . together with the identity r )d a 1 b l c = ^f] al gives 

- la A a a + = 0, (1.7.27) 

so Ai is an arbitrary vector multiple of /. Therefore the spinor connection 17 is 
given, up to the addition of an arbitrary vector multiple of /, by the Fock-Ivanenko 
coefficients: 

r,= -^V=-i«-G-. (1.7.28) 
Using the definition (11.5. 15j) . we can also write (jl. 7.28ft as 

1.7.3 Curvature spinor 

The commutator of total covariant derivatives of a spinor is 

= -v^ + TiT^ + r<jV - IW + 23%^ = + 2S\^\ k , (1.7.30) 

where Kij = —Kji is defined as 

^■ = r i)j -r^ + [r i ,r i ]. (1.7.31) 

Substituting (11.7.131) to (11.7.31ft gives 

= Tij - Tj,i + [Ti, Tj] = L(Tij - r jti + [Ti, T^L' 1 = LKijL' 1 , (1.7.32) 

so Kij transforms under tetrad rotations like the Dirac matrices r ) a , that is, is 
a spinor with one spinor index and one adjoint-spinor index. We refer to as the 
curvature spinor. 

The relation fll.7.241) leads to 

l\ = 0. (1.7.33) 

Thus the commutator of covariant derivatives of the spacetime-dependent Dirac ma- 
trices vanishes: 

2 7^] = ^ V + 2^7*|, + [Kij, l k ] = R k Uj l l + [K^, 7 fc ] = 0. (1.7.34) 
Multiplying both sides of (11.7.341) by 7^ from the left gives 

Ruijl k l l + l^rf - 4Kij = 0. (1.7.35) 
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We seek the solution of (11.7.35P in the form 




(1.7.36) 



where is a spinor-tensor quantity with two vector indices. Substituting (II .7.361) 



so Bij is an antisymmetric-tensor multiple of /. The tensor B^ is related to the vector 



Because ip has no indices other than spinor indices, is a vector and [Ai, Aj] = 0. 
The invariance of fll. 7.35[) under the addition of an antisymmetric-tensor multiple 
Bij of the unit matrix to the curvature spinor is related to the invariance of (11 .7.251) 
under the addition of a vector multiple Ai of the unit matrix to the spinor connection. 
Setting Ai = 0, which corresponds to the Fock-Ivanenko spinor connection, gives 
B^ = 0. Therefore the curvature spinor Kij is given, up to the addition of an 
arbitrary antisymmetric-tensor multiple of J, by 



to fll. 7.351) gives 



-f k Bi^ k - AB {J = 0, 



(1.7.37) 



Ai in fll. 7. 261) by 



Bij — — Aij + [Ai, Aj]. 



(1.7.38) 



-^Rklij'J k 'J l — -RklijG' 



(1.7.39) 



References: (HJH]. 
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2 Fields 



2.1 Principle of least action 

The most general formulation of the law that governs the dynamics of classical systems 
is Hamilton's principle of least action, according to which every classical system is 
characterized by a definite scalar-density function it, and the dynamics of the system 
is such that a certain condition is satisfied. Let 4>a{x 1 ) be a set of physical fields, 
being differentiable functions of the coordinates, and let i be a Lorentz covariant 
quantity constructed from the 4>a and their derivatives. Consider a scalar quantity 

s = -J%dn, (2.1.1) 

where the integration is over some region in locally Minkowski spacetime. Let 5<f)A 
be arbitrary small changes in <pA (regarded as a dynamical variable) over the region 
of integration, which vanish on the boundary. Then the change in S can be written 

as 




(2.1.2) 



The principle of least action states that the dynamics of a physical system is given by 
the condition the scalar S be a local minimum. Therefore any infinitesimal change in 
the dynamics of the system does not alter the value of S: 

5S = (2.1.3) 

(S is a local extremum). If I is covariant and <j) a transform covariantly under the 
Lorentz group, the variational condition (I2.1.3P gives the Lorentz covariant equations 

0.4 = 0. (2.1.4) 

These equations are also invariant for any other transformations (internal symmetries) 
for which it is invariant. it is referred to as the Lagrangian density, S is the action 
functional, SS = is the principle of least action, and F A = are the field equations. 
The field equations of a physical system are the result of the action being a local 
extremum. The condition that the action be a local minimum imposes additional 
restrictions on possible choices for S. The number of independent field equations for 
a given system is referred to as the number of the degrees of freedom representing this 
system. 

In most cases it contains only 0^ and their first derivatives (the Lagrangian den- 
sity for the gravitational field contains second derivatives). A Lagrangian density 
containing higher derivatives can always be written in terms of first derivatives by 
increasing the number of the components of <pA- Consider a physical system in the 
galilean frame of reference. If it depends only on 0^ and <9j0a, % = £(0, 0^), then 




(2.1.5) 
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The last term in the second line of (12.1.51) is a divergence, which, after integration, 
can be transformed into a hypersurface integral over the boundary of integration 
region, where 5(f> = on the boundary, so this term does not contribute to the action 
variation: 

(2-1.6) 

If 5S = for arbitrary variations 8(f) that vanish on the boundary then 

d% f d% \ 

w-*W =0 - (2 ' L7) 

or 

| = 0, (2.1.8) 

where 

(2 ,. 9) 



\d(4>,, 

is a variational derivative of i with respect to (f>. This set of equations, for each 
component 4>a, is referred to as the Lagrange equations. Generalizing the Lagrange 
equations to an arbitrary coordinate frame gives 

There is some arbitrariness in the choice of it; adding to it the divergence of an 
arbitrary vector density or multiplying it by a constant produces the same field equa- 
tions. If a system consists of two noninteracting parts A and B, with corresponding 
Lagrangian densitites £^(0a,<90a) and £b(0b,^0b), then the Lagrangian for this 
system is the sum %a + %b- This additivity of the Lagrangian density express the 
fact that the field equations for either of the two parts do not involve quantities per- 
taining to the other part. If %,a also depends on (f>B and/or d(f>B, and/or JLb depends 
on (f>A and/or d(f>A, then the subsystems A and B interact. 
References: [U El EJ- 



2.2 Action for gravitational field 

Consider a Lagrangian density that depends on the affine (or spin) connection and 
its first derivatives. Such Lagrangian density can be decomposed into the covariant 
part that contains derivatives of the affine/spin connection, which is referred to as the 
Lagrangian density for the gravitational field, and the covariant part that does not 
contain these derivatives, which is referred to as the Lagrangian density for matter. 
The simplest covariant scalar that can be constructed from the affine/spin connection 
and its first derivatives is the Ricci scalar R. The corresponding Lagrangian density 
for the gravitational field is proportional to the product of R and the scalar density 




(2.2.1) 
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where k is Einstein's gravitational constant. There exist two variational principles 
in the theory of the gravitational field. The metric variational principle regards the 
metric tensor or tetrad as a dynamical variable and assumes the affine connection to 
be the Levi-Civita connection. The metric- affine variational principle regards both 
the metric tensor (or tetrad) and the metric-compatible affine connection (or spin 
connection) as dynamical variables. 

In the metric variational formulation, the Lagrangian density for the gravitational 
field is proportional to the Riemann scalar P: 

*9 = ~Yk^ R (2 ' 2 ' 2) 

Because P is linear in derivatives of {^}: 

V^p = V=sg ik ({! k },i - {«',},* + iikHLi} - {iTMmfc}) 

= (V^g ik {i l k }),i - {ik}(V=sg ik ),i - (V^9 tk {M), k + {JMV^ig*)* 

+V = B9 ik ({ik}{L} ~ UTHL}), (2-2.3) 



we can subtract from ^/—^P total derivatives without altering the field equations, 
replacing P by a noncovariant quantity G: 

V^g = { t \}(V^g tk ), k - {! k }(V^g ik h + V^dZHL} ~ LTHmk}) 
= {M^g lk h + {j k }V^g ik - V^{j k }9 Jk - V^{ k k }g lj ) 
-V k }((V^9%i + { 3 j iW=zg lk - yfHtiW - V=a{/,}ff y ) 

+v^9 ik amLi} - iuHL}) = {mu}v^g tk - v^^w 

-V^{ k k }g ij ) - {i l k }({ 3 j i}V^g ik - V^{ji}g jk - V^{ k i}g ij ) 
+V^g l \L m k }{L} - iaHLY) = V^g tk ({ t THL} - i^HU)- (2.2.4) 

Therefore 

G = g*({Z}{L} ~ iiZHL}), (2-2.5) 
and the Lagrangian density for the gravitational field is 

*g = 'Yk^ G - (2 ' 2 - 6) 

Any coordinate transformation results in variations of g tk , so S is not necessarily 
a minimum with respect to these variations (only an extremum) because not all 
figik correspond to actual variations of the gravitational field. In order to exclude 
the variations 5g lk resulting from changing the coordinates, we must impose on the 
metric tensor 4 arbitrary constraints. If we choose 

9oa = 0, \g af s\ = const, (2.2.7) 

then G becomes 

G = -\g 00 g a/3 g jS g a7 ,ogps,o- (2.2.8) 
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In the locally galilean frame g a p = — 5 a p, so 

G = -\g 00 (g a p,o) 2 . (2.2.9) 

For physical systems g 00 > 0. Therefore in order for S to have a minimum, k must 
be positive, otherwise an arbitrarily rapid change of g a p in time would result in an 
arbitrarily low value of S and there would be no minimum. 
References: [2> 3j|. 

2.3 Matter 

2.3.1 Metric dynamical energy-momentum density 

The variation of the matter action S m = J % m dVL with respect to the metric tensor, 

defines the metric dynamical energy-momentum density %j, which is symmetric: 

%j = Tji- (2.3.2) 

Equivalently 

3 8gv \dg*> K dg tJ J 
The metric dynamical energy-momentum tensor Tij is defined as 

Tij = -^=. (2.3.4) 

2.3.2 Tetrad dynamical energy-momentum density 

The variation of the matter action S m with respect to the tetrad, 

5S m = - f % a SeidQ, (2.3.5) 



c 

defines the tetrad dynamical energy-momentum density . Equivalently 

5% m = % a 5el (2.3.6) 

or 

%? = 5 j^. (2.3.7) 

If % m depends only on tensor matter fields expressed in terms of the coordinate 
indices and it depends on neither derivatives of the metric tensor nor derivatives of 
the tetrad then the tetrad enters % m only through the metric tensor, in a combination 
g ij = jfjj h . Thus 

K = \e aj 8g ij . (2.3.8) 
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Substituting fT2~3~8]) to fT2~3~5]) gives 



5S m = ^-j% ij 5g ij dn, (2.3.9) 

where 

% = e aj % a . (2.3.10) 

The tensor %ij is generally not symmetric. Comparing (12.3.91) with (12.3.11) gives 
the relation between the tetrad dynamical energy-momentum density and the metric 
dynamical energy-momentum density for tensor matter fields: 

= % (2.3.11) 
2.3.3 Canonical energy-momentum density 

If we express the matter Lagrangian density it m , depending on matter fields and 
their first derivatives 0^, only in terms of Lorentz and spinor indices, then the tetrad 
appears in l m only through a derivative of 0, in a covariant combination e^0ij. Since 
% m = tL, where L is a scalar, we obtain 



5l m = t5L - te1L5e l a = t—^ a - % m e a M a = (ttt^ - Z m ef)5e 



a or 

= (^0 |4 -JC m ef)(5 e *. (2.3.12) 
The last term in (12.3. 12|) . 

©/* = - e«Z m , (2.3.13) 

is referred to as the canonical energy-momentum density. Accordingly 

©/ = f^b - (2.3.14) 

Comparing (12.3.121) with (12.3.61) shows that the canonical energy-momentum density 
is identical with the dynamical tetrad energy-momentum density: 

®* = % a . (2.3.15) 

2.3.4 Spin density 

The variation of the matter action S m with respect to the spin connection, 

6S m = ^SjSu^dn, (2.3.16) 



defines the dynamical spin density §b a6 * 



>* = (2.3.17) 
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which is antisymmetric in the Lorentz indices: 



fab 



(2.3.18) 



In the metric variational formulation of gravity, the variations 5u ab i = 5uj^ ab i are 
functions of the variations Se l a and their derivatives, so the spin density is a function of 
the energy-momentum density. In the metric-affine variational formulation of gravity, 
the variations 5u ab i are independent of b~e\ and their derivatives. The relation (11.5.291) 
indicates that the spin density is generated by the contortion tensor: 



i 2^-. (2.3.19) 

° c k 



Accordingly, the variation of % m with respect to the torsion tensor, 

r/ k = 2^, (2.3.20) 

jk 

is a homogeneous linear function of the spin connection because of (11.4.291) : 

T ijk = = 2 sclmn dSt]k = SW(M[j h] + ^ d {j b k] + 5, d {j d k] ) 

= &ijk - &jki + &kij, (2.3.21) 

&ijk = T [ij]k, (2.3.22) 

antisymmetric in the last two indices: 

T~ijk = 1~ikj- (2.3.23) 

The variation of % m with respect to the metric-compatible affine connection in the 
metric-affine variational formulation of gravity is equivalent to the variation with 
respect to the torsion (or contortion) tensor. The spin connection cj"^ enters % m 

only through derivatives of 0, in a combination — J^r^, where Tj is the covariant 
derivative acting on 0: 

r, = -^G*. (2.3.24) 
Consequently, the dynamical spin density §»> ab l is identical with 

K b l = (2-3-25) 

referred to as the canonical spin density. Spin tensor is defined as 

s ijk = (2.3.26) 
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2.3.5 Belinfante-Rosenfeld relation 

The total variation of the matter action with respect to geometrical variables is either 

5S m = - c J dmfSel + i J dmj8uj a \ (2.3.27) 

or 

Equation (11. 5.25ft gives 

\ J dQr/ k 5S\ k = y dQr/ k (5(eie lb u ab k ) + 6e&£ + e?^) 

+1 J dS k r^M = \j dQ(-r/ k u; cb k e lb elei6et + r, V^tfe? + ^< 
~{r a % ~ S) k T a > k - 2Sfr* + u\ k r h ik )5e1 - r^e^e&te?) 
= l -J dQ^Su^ - Tj %ei8et + 2S^S4) , (2.3.29) 
so comparing of (I2.3.27P with (I2.3.28P leads to 

J dm^el + l -J dmj5u a \ = \j d{lT lk 5g* k + \j dQ^u^ - r^Je? 

+2S 3 r a i ^el) = J dn% k e ka 5ei + \ J dQrJSu^ + \ J dtlT^Sei 

- J dnSjT^ete^ei (2.3.30) 
The terms with <5u; ab j give (12.3.221) . while the terms with 5e l a give 

%t = % k e ka + \r{\$ - (2.3.31) 

or 

% k = % k - - *li + + S&J - + (2-3.32) 

Equation (I2.3.32[) is referred to as the Belinfante-Rosenfeld relation between the dy- 
namical metric and dynamical tetrad (canonical) energy-momentum densites. In the 
absence of torsion, ( I2.3.32[) is consistent with (12.3.111) . The Belinfante-Rosenfeld re- 
lation can be written as 

T lk = -±=% k - ~V*(V - s k \ + < fe ), (2.3.33) 
V — 5 ^ 

where 

V* = Vi - 2Si (2.3.34) 

is the modified covariant derivative. 
References: El E> U U\ ■ 
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2.4 Symmetries and conservation laws 
2.4.1 Noether theorem 

Consider a physical system in the galilean frame of reference, described by the La- 
grangian density % that depends on matter fields 4>Ai their first derivatives and 
the coordinates x % . The change of the Lagrangian density 5% under an infinitesimal 
coordinate transformation (|1.2.54[) is thus 

81 81 81 

where the changes 5<p and 6(<f> t i) are brought by the transformation (ll.2.54p and 8 
denotes partial differentiation with respect to x l at constant <j) and (j)^. The variation 
51 under this transformation is also given by (11.2.63)) : 

5% = Ca%- (2-4.2) 
Using the Lagrange equations (12.1.71) and the identities 

81 8%, 8%, 

*<-W + erf*' (2A3) 

S(4>,,) = - e.i'Pj, (2.4.4) 

we bring (12.4. ip to 

" T .1 

Combining (12.4.21) and (12.4. 5p gives the conservation law, 

T, t = 0, (2.4.6) 

for the current 

Equations (1 2 . 4 . 6 j) and (12.4. 7j) represent the Noether theorem, which states that to each 
continuous symmetry of a Lagrangian density there corresponds a conservation law. 
Generalizing (12.4.6)) to an arbitrary coordinate frame gives 



51 = £% + (^-(50 - , (2.4.5) 



0. (2.4.8) 



2.4.2 Conservation of spin 



The Lorentz group is the group of tetrad rotations. Since a physical matter La- 
grangian density %m(<p, <pi) is invariant under local, proper Lorentz transformations, 
it is invariant under tetrad rotations: 

5% m = & -^5<j> + ^(0,) + % a 5ei + 1&J5u«\ = 0, (2.4.9) 
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where the changes S correspond to a tetrad rotation. Under integration of (12.4.91) over 
spacetime, the first two terms vanish because of the Lagrange equations for (12.1. 7ft : 

% a K+ l -& a ;5u ab \d i x = Q. (2.4.10) 



2 

For an infinitesimal Lorentz transformation (ll.6.7p . the tetrad e° changes by 

ie- = e--4 = AV?-e- = e a i , (2.4.11) 
and the tetrad e l a , because of the identity 5(e"e^) = 0, according to 

K = ~e\. (2.4.12) 

The spin connection changes by 

X ,ob „cl Jb \ ,a Jb „ajb a ,cb a Jb . a be ab /o /i i o\ 

bu { = 6(e j uj J J = e ^ J i - ;i = e c u i - {t + e c u i = -e | i . (2.4.13) 

Substituting (I2.4.12p and 02.4.13P to (12.4.101) . together with partial integration fll.2.331) . 

gives 



- + i^y^d*!. (2.4.14) 

Since the infinitesimal Lorentz rotation e u is arbitrary, we obtain the covariant con- 
servation law for the spin density: 



%j - % + 25^/ (2.4.15) 
1 



or 

Vfo/ = -^= (%-%)■ (2.4.16) 



-8 

The conservation law for the spin density (12.4. 16p also results from antisymmetrizing 
the Belinfante-Rosenfeld relation (12.3.331) with respect to the indices i, k. If we use 
the metric-compatible affine connection Tjj, which is invariant under tetrad rotations, 
instead of the spin connection uj ab i as a variable in % m then we must replace the term 
with bu) ah i in (ET491) by a term with <5(e l aJ ). 

2.4.3 Conservation of metric energy-momentum 

Consider the metric variational formulation of gravity. Under an infinitesimal co- 
ordinate transformation ( 11 .2.541) . the matter Lagrangian density iC m (0, (f>j) changes 
according to 
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The matter action S m — - j % m ((f>, 4>^)dQ is a scalar, so it does not change under this 
transformation: 

The first two terms in (12.4.181) vanish because of the Lagrange equations for fl2.1.7p . 



so 



(2.4.19) 

If the components of the metric tensor change because of an infinitesimal coordinate 
transformation (11.2.541) then the corresponding variation of the metric tensor is given 
by (HMD: 

&9ij = hij = -1fai), (2-4.20) 



so 



5S m = 5S m = ~y c J T ij hadn = —J T'r,,. s dV. = -- J T'^dV. 
= --J (Tv&.jdQ + -J 7%tM = --J iT'^jy/o + \J T'i^dil 



— f T^,dS, + - I n&dSl = 0. (2.4.21) 



c J 3 ' c ' :J 



If the variation of the coordinates vanishes on the boundary of the region of inte- 
gration then 

' n&d&l = 0, (2.4.22) 



which, for arbitrary variations gives the covariant conservation of the metric energy- 
momentum density (4 equations): 

T% = 0. (2.4.23) 

Equivalently 

T' J :/ = 0. (2.4.24) 

Note that vanishing of / T^SgijdQ in (12.4.211) does not imply T* J = 0, because 10 
variations dgij are functions of 4 variations and thus not independent. 

2.4.4 Conservation of tetrad energy-momentum 

The matter Lagrangian density % m is invariant under infinitesimal translations of 
the coordinate system (11.2.541) . The corresponding changes of the tetrad and spin 
connection are given by Lie derivatives 

K -AO sV^-e<:.,. (2-4.25) 

8u a \ = -C^ a \ = -eV*, - C^"",,. (2.4.26) 
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Equation (12.4. 10p becomes now 

/ (% a K + \^5u ab ^x = 0. (2.4.27) 
Substituting 02.4.251) and 02.4.260 into (12.4.270 gives 

This equation holds for an arbitrary vector £*, so we obtain 

= (pjy - 2S k £ ab k + §>Ju; c aj + & a > c 6 >°* - 2€/, - 2«/<i 
+^J(-R% + - u a C3 u c \) = 0, (2.4.29) 

which reduces to 

( *J\j ~ 2S** fl6 V*< - R%§?J - 2%l d + ASM - 2% jk ^\ + AS j \% k 

+AS jk t % ]k = 0. (2.4.30) 

The conservation law for the spin density (12.4.150 brings (12.4.300 to the covariant 
conservation law for the energy-momentum density: 

= 2Si%i + 2S j ki % k + ~£>,/i^ (2.4.31) 

or 

r J :j = C jk l W k + ^ k ijR klji . (2.4.32) 
2.4.5 Conservation laws for Lorentz group 

Consider a matter Lagrangian % m for a physical system in the galilean and geodesic 
frame of reference, that depends on the coordinates only through a field <fi and its 
first derivatives 0^. Therefore 

3,l m = ^0, + ^-^ = d^)^ + = d\ W **), (2-4.33) 

where we use the Lagrange equations (12.1.70 . from which we obtain the conservation 
law, 

= 0, (2.4.34) 

for 

0/ = ^4>,i - 5l%m. (2.4.35) 
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The conservation law (I2.4.34p is a special case of (12.4.311) in the absence of torsion and 
spin, expressed in the Galilean and geodesic frame. The quantity (12.4.351) is a special 
case of the canonical energy-momentum density (12.3.141) in the absence of torsion and 
spin, expressed in the galilean and geodesic frame. 

If x l are Cartesian coordinates then for translations, £ l = e l =const and 5(f) = 0, 
the current (I2.4.7P is 

T = e l l m - -j^< J o. r (2.4.36) 
The conservation law (12.4.61) gives 

' J 0;., = 0, (2.4.37) 

which gives (12.4. 34p because e l are arbitrary. For Lorentz rotations, £ l = e^x- 7 and 
= ^6ijG l: >4>, where G % i are the generators of the Lorentz group, the current (12.4.71) 
is 

T = e^x^+^^G^-e^j^ = e^^x^^-x^ + ^^G^. 

'"(2.4.38) 

The conservation law (I2.4.6P gives 
which, because e kl are arbitrary, gives 

= 0, (2.4.40) 

where 

Mj = x k Q? - xfa* + ^G kl <f>. (2.4.41) 
The quantity kl l is referred to as the angular momentum density, and is the sum, 

M k i = Ki + E„*. (2.4.42) 
of two densities: the orbital angular momentum density, 

A k i = x k Bi - Xl 6 k \ (2.4.43) 

and the canonical spin density (12.3.251) . 

The conservation law (I2.4.40p for the angular momentum density is equivalent to 

e kl - 6 lk - = 0, (2.4.44) 

which is a special case of the conservation law for the spin density (12.4. 15[) in the ab- 
sence of torsion, expressed in the galilean and geodesic frame. The canonical energy- 
momentum density 8 ik is not symmetric. However, the quantity 

r lk = 6 lk - ~dj(E ik j - + S^), (2.4.45) 
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is symmetric, which follows from (|2.4.44j) . and conserved: 



T ik = Tki, (2.4.46) 
r fc V = 0. (2.4.47) 

The symmetric energy-momentum density corresponds to the metric dynami- 
cal energy- momentum density (I2.3.3p . expressed in the galilean and geodesic frame. 
Equation (12.4.451) is a special case of the Belinfante-Rosenfeld relation (12.3.321) in the 
absence of torsion, expressed in the Galilean and geodesic frame. The second term 
on the right-hand side of (I2.4.45[) has the form djijj 1 ^ , where ip 1 ^ = — t/>* j . Adding 
such term to 9 ik preserves the conservation law (12.4.341) and brings 9 lk to a symmetric 
form. 



2.4.6 Components of energy-momentum tensor 

Integrating the conservation law (12.4.341) . valid in the galilean and geodesic frame 
of reference, over a hypersurface enclosing matter represented by r lk and using the 
Gaufi- Stokes theorem gives 

" T ik dS k = 0, (2.4.48) 



which gives the conservation of the four-momentum vector 



P { = - I T ik dS, const. (2.1.19) 



Choosing the volume hypersurface dV = dS gives 



P i = - I T i0 dV, (2.4.50) 



c 

so the components ^r i0 form the four-momentum density. The component r 00 , re- 
ferred to as the energy density, 

W = r™ = ^-Z m , (2.4.51) 

d(j) 

integrated over the volume gives the time component of the four-momentum, the 

energy 

E = cP , cP° = J r 00 dV = <j)-^- - L, (2.4.52) 

where 



l m dV (2.4.53) 

is the Lagrange function or Lagrangian. Hereinafter, a dot above any quantity <fi 
denotes the partial derivative of with respect to time, <j) — 7w > an d two dots above 
<f) denote the second derivative of <fi with respect to time, = Consequently, the 
action of a physical system is the time integral of the Lagrangian, 

S = [ Ldt. (2.4.54) 
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The components ^t q0 , referred to as the momentum density, integrated over the 
volume give the spatial components of the four-momentum, the momentum vector 



P : P° = ^J r a0 dV. (2.4.55) 

Adding a total divergence djip 1 ^ to r lk does not alter the definition of the four- 
momentum vector (12.4.491) . 

The symmetry of r tk can be written as 

di(x i r kl - x k r il ) = 0, (2.4.56) 

which upon the integration over a hypersurface enclosing matter represented by r tk 
and using the GauB-Stokes theorem gives 

(xV w - x k r ll )dSi = 0, (2.4.57) 

which gives the conservation of the angular momentum tensor 

M ik = J (x i dP k - x k dP i ) = -J {x l r kl - x k T il )dSi = const. (2.4.58) 

Choosing the volume hypersurface dV = dS gives 

M ik = -J (xV fc0 - x k r i0 )dV. (2.4.59) 

The conservation of M 0a , 

M a0 = -(J x a r 00 dV - x° J r a0 dV^j =- c J x a r 00 dV - ctP a = const, (2.4.60) 

divided by the conservation of P° (12.4.501) . P° = const, gives a uniform motion, 

X a = V a t + const, (2.4.61) 

with velocity 

cP a 

V a = -pg-, (2.4.62) 
of the center of inertia with the coordinates X a , 

The coordinates of the center of inertia (12.4.631) are not the spatial components of a 
four- dimensional vector. 

The conservation law (12.4.341) can be written as 

1 dr 00 dr 0a 

-^r + TT— = °> ( 2 - 4 - 64 ) 

c dt dx a v ' 
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Integrating these equations over the volume hypersurface and using the GauB-Stokes 
theorem gives 

I- fr 00 dV = -cir 0a df a , (2.4.66) 



dt 

d ri 



dt 

where 



j - T a0 dV = -j r aP df p , {2 A.Q7) 



df a = dU a (2.4.68) 

is the spatial surface element (11 .1.301) . The integral of a three-dimensional vector V a 
over the two-dimensional surface element df a , §V a df a , is referred to as the flux of 
this vector. Therefore the components 

S a = cr 0a (2.4.69) 

of the energy current S form, upon integrating over df a , the energy flux. The compo- 
nents T af3 represent the momentum current and give, upon integrating over df a , the 
momentum flux. The stress tensor is defined as 

(T a /3 = -T a p. (2.4.70) 

The components of the energy-momentum tensor form the matrix 

r lk =(^ I )■ (2.4.71) 
Define the spatial surface force vector, 



F a = j>a aP df p . (2.4.72) 



The relations (12.4.551) . 02.4.671) . 02.4. 701) and 02.4. 720 equal the time derivative of the 
momentum P a to the surface force F a , 

P a = F a . (2.4.73) 

In an arbitrary frame of reference, the metric dynamical energy-momentum tensor 
%k describing isotropic matter (without a preferred direction in its rest frame) can be 
decomposed into the part proportional to UiUk, the part proportional to the projection 
tensor, 

h ik = 9ik ~ Uiit k , (2.4.74) 

which is orthogonal to u\ 

h ik u k = 0, (2.4.75) 
and parts containing covariant derivatives of u l . The projection tensor satisfies 

VV = K k . (2.4.76) 
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Assume that %\~ does not depend on derivatives of u l . Therefore 



T ik = euiu k - ph ik , (2.4.77) 

where a scalar e is equal to the energy density W in the locally Galilean rest frame 
and a scalar p is the pressure. In this frame T tk = diag(e, p, p, p) and the stress tensor 
= -pSap, giving 

F a = -pi df a = -p<f n a df, (2.4.78) 



which states that the force per unit surface df acting on a surface is parallel, with 
the opposite sign, to the outward normal vector of this surface n a , = —pn a , and 
which is referred to as Pascal's law. Matter described by the tensor (12.4. 77j) represents 
an ideal fluid. The relation between e and p is referred to as the equation of state. In 
the Galilean frame of reference, combining ( 11.6.1151) . ( 12.4.711) and ( 12.4. 77ft gives 

W = I±4^, (2.4.79) 
1 — v z /c z 

S = £±f£, (2.4.80) 
1 — v z /c z 

Cr — V 

The relation (12.4. 77|) gives 

T = T\ = e- 3p. (2.4.82) 

The component T 00 = eu 2 + p{u 2 - g 00 ) is, using m = 9°odx°+g 0a dx« ^ ( \ 1A m and 
(ll.4.97p . equal to 

T 00 = eul+pg o( K ^j , (2.4.83) 

so it is positive under physical conditions e > 0, p > and (700 > 0. If T ik de- 
pends also on derivatives of u l then matter described by the tensor ( 12.4. 77ft with the 
corresponding additional terms represents a viscous fluid. 

2.4.7 Mass and Papapetrou equations of motion 

Consider matter which is distributed over a small region in space and consists of points 
with the coordinates x % , forming an extended body whose motion is represented by 
a world tube in spacetime. The motion of the body as a whole is represented by an 
arbitrary timelike world line 7 inside the world tube, which consists of points with 
the coordinates X l (r), where r is the proper time on 7. Define 

dX* 

5x i = x i - X\ 6x° = 0, u l = — . (2.4.84) 

ds 

Also define the following integrals: 



M ik = u 



J % ik dV, (2.4.85) 
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M ijk = _ u o J Sx% jk dV, (2.4.86) 
N ijk = u° J & ijk dV, (2.4.87) 
J ik = f (5x% k0 - 5x k % i0 + & m )dV = \{-M m + M ki0 + N m ).{2A.88) 

The quantity J ik is equal to J(5x% kl - 5x k V l + kl )dS t taken for the volume hy- 
persurface, so it is a tensor, which we call the total spin tensor. The quantity jV y is 
also a tensor. The relation 5x° = gives 

M 0jk = 0. (2.4.89) 

Assume that the dimensions of the body are small, so integrals with two or more 
factors 5x % multiplying %* and integrals with one or more factors bx % multiplying 
^ kl can be neglected. 

The conservation law for the tetrad energy-momentum density (12.4.321) is 

+ {/JC fc - C ik j V k - l ~Rj& kl = 0. (2.4.90) 

Integrating (I2.4.90P over the volume hypersurface and using GauB-Stokes theorem to 
eliminate surface integrals gives 

J % j0 fi dV + J {/ fe }r*W - J C lk 3 V k dV - l -J Rj& kl dV = 0. (2.4.91) 
Expanding 

r/* = r/f + r/SW, (2.4.92) 

where the superscripts denote the values at X\ and substituting these expressions 
into (I2.4.9ip gives (omitting the superscripts) 

( / tf°dv) o + {/J / % lk dV + {/J,* / 5x l W k dV - C ik j J V k dV 
-CJi J 5x l V k dV - y Rj0 kl dV = (2.4.93) 

or, using the definitions 02.4.85p . 02.4.861) and f!2.4.87p . 

T s {^) +{ * k]Mm - { ^ = °- {2AM) 

The conservation law (12.4.901) gives 

(x l % ji ),i = V 1 - x l { { j k }% ik + x l C ik 3 V k + ~x l R ik J& ikm , (2.4.95) 

{x l x m W l ) tl = x m W l + x l W m - x l x m {? k }% ik + x l x m C ik 3 % ik 

+ l -x l x ™R ikn i& k \ (2.4.96) 
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Integrating (I2.4.95|) over the volume hypersurface and using GauB-Stokes theorem to 
eliminate surface integrals gives 

J (x l % j0 ) j0 dV = J % jl dV - J x l {? k }W k dV + J x l CjV k dV + x l R ik JW km dV. 

(2.4.97) 

Substituting 02.4.841) into 02.4.97|) gives 

4 J % jo dV + X 1 J W\ dV + J (5x l % j0 ) fi dV = J W l dV -X 1 J U k }V k dV 
-J 6at{ i j k }V k dV + X l J C ik j % ik dV + J 5x l C ik j V k dV 

+ l -X l J R lkm >& km dV } (2.4.98) 
which reduces, due to (12.4.911) . to 

4 / ® j0 dV + ( J (8x l % j0 dV) q = / V l dV - j 5x l {i k }Z ik dV + J 5x l C lk 3 V k dV. 

(2.4.99) 

Substituting (12.4.921) into (12.4.991) . omitting the superscripts and using the definitions 
02.4.85p . 02.4.861) and 02.4.87p . turns 02.4.990 into 

" M j0 - -f — — ) = M jl + {A}M lik - C ik J M Hk . (2.4.100) 
u u ds\ vP J 

Putting I = in O2.4.100p gives the identity because of 02.4.891) . 

Integrating (12.4.961) over the volume hypersurface and using Gaufi-Stokes theorem 
to eliminate surface integrals gives 

f(x l x m % j0 ) t0 dV = J x m % jl dV + J x l % jm dV- [ x l x m {/ k }% ik dV 

+ J x l x m Cj% ik dV + x l x m R i J& kn dV. (2.4.101) 

Substituting 02.4.841) into 02.4.970 gives 

X l x m r % j0 ,y + f %j d y + d_ r 6x m % jO d y + ^V' f tyOjy 

J u° J u J u° J 

8x l % j0 dV + X 1 J 5x m V\ Q dV + X m J Sx l % j0 )0 dV 

= -X l X m ( I {i k }W k dV - j C lk ^ k dV -\J Rj& kl dV) 
+X l (J V m dV - j 8x m { i j k }V k dV + J 5x m C lk j V k dv) 
+X m (J % jl dV- J 5x l {/ k }% ik dV + J Sx l C ik j % ik dV) 

+ J 5x m % jl dV + J 5x l % jm dV, (2.4.102) 
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which reduces, due to 02.4.911) and 02.4.991) . to 

^ J 5x m % j0 dV+^ J 5x l % j0 dV = J 5x m % jl dV + J 5x l % jm dV (2.4.103) 



or 

,l 



-M mi0 + —M m = M ml + M Um . (2.4.104) 

iU /i/U 



u 

U° M u 

The expressions analogous to (I2.4.95|) and 02.4.961) with higher multiples of x % do not 
introduce new relations. 

The conservation law for the angular momentum density 02.4.151) is 

& ijk , k ~ ?ik& lk + ^iW lk - 2^ fo1 = 0. (2.4.105) 

Integrating 02.4. 1051) over the volume hypersurface and using GauB-Stokes theorem 
to eliminate surface integrals gives 

J & ij0 t0 dV - J Ti k &> lk dV + j Tf^dV -2 J % [lj] dV = 0. (2.4.106) 

Substituting (I2.4.92|) into 02.4. 1061) . omitting the superscripts and using the definitions 
( I2.4.85P and fl2.4.87j) . turns O2.4.106p into 



d (N* 



Ti k N jlk + r/f.N™ - 2M [ij] = 0. (2.4.107) 



ds V u° 

The conservation law 02.4. 1051) gives 

(x l & ijh ) )k = jl + x l Ti k W lk - x l r i {^ Uk + 2x l Z [ij] . (2.4.108) 

Integrating 02.4. 1081) over the volume hypersurface and using GauB-Stokes theorem 
to eliminate surface integrals gives 

J (x l & ij0 ) i0 dV = J & ijl dV + J x l T^ mk dV - J x l Ti k & mk dV + 2 J x l %^dV. 

(2.4.109) 

Substituting 02.4.841) into 02.4. 1091) gives 

^ J §? ij0 dV + X l J & j0 fl dV = J & jl dV + X l (J Y l mk %P mk dV - J Ti k & mk dV 
+2 J % [ij] dv) + 2 J 5x l % [ij] dV, (2.4.110) 

which reduces, due to (I2.4.106[) . to 

j & ij0 dV = J & ijl dV + 2 J 5x l % M dV (2.4.111) 



or 

1 fu l 



M m = -- (^pN ij0 - N ijl ^j . (2.4.112) 
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Putting I = in (12.4. 1 12j) gives the identity because of (I2.4.89p . The expressions 
analogous to (12.4.1081) with higher multiples of x l do not introduce new relations. 

Taking the cyclic permutations of the indices i,l,m in (12.4.1041) . adding the first 
and second of these relations, and subtracting the third, gives 



— M^ + — M' mZ l° + — = + M^ m ' + M m ^ il \ (2.4.113) 

u° u° u° 



Substituting (12.4.881) and (12.4.1121) into (12.4.1131) gives 



j^m{il) _ u {ij l ) m _|_ flfW° _|_ ]y m ( il ) 



[2A.1U) 



Putting m = in (12.4. 114p . substituting it into (I2.4.114|) and using (I2.4.89P gives 



Combining (12.4.1121) and (12.4.1151) gives 

n m 1 /?/ 

M mi ' = u {l J l)m - — (u ( V i)0 + N ^) + N m{u) - - —N' 
u 2 \ u 

Therefore 



riiO 



-JV 



Combining the antisymmetric part of (I2.4.100[) and (I2.4.107[) gives 



M jl - M lj 



u 



-M 



10 



tr 



({ik\ ~ C ik 3 )M hk + ({ ik } - C ik )M 3 



(2.4.115) 

(2.4.116) 
(2.4.117) 

l\ n /riik 



d /M lj0 -Mi 
ds \ 
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(2.4.118) 



Using (12.4.881) . (12.4.1121) and fl2.4.115D brings (12.4.1181) to 

,i „,j . n ,i 



-r? k N lik + T! k N jik = ^-M j0 - ^-M 10 - + N lik - ^-(«V fc0 + N' 



Oik" 



-\ c ikQ5 Nik0 - Nikl ) + ii l k}( ui J kj + Njik - ^( uijk0 + N ° ik )) 
+\cA% Nm - Nlk3 ) + i Jl] > 

which, using ^ J lj = + u k {! k }J lj + w fc {/J J li , turns into 



(2.4.119) 



DO 
ds 



- Q M l0 +^ { i l k }(u i J k0 +N 0ik )--C ik l (^ 



)+C\ k N^ k 




I <h> j 




(2 


.4.120) 



or, using the four-momentum 



P l = ~ J ® lo dV, 



(2.4.121) 
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into 

DO 
ds 



cu J ' P z + — { J (u* J fc0 + iV 0ifc ) - - C ik 1 ( — N m - N ikj )+C l ik N jik 



Therefore 



(2.4.122) 



ds 



(2.4.123) 
which gives with (12.4.1221) 

nO nO pi nO r'* i 

^f" + vfui ^~ ' U ' U ^T = ° l * kNjik + 2 ikN ~ c ' ikN 

m ]\jikl 



+u l u m (C\ k N mik + ~<V'iV ife ™ - C*VV** - \c ik m N^) 
= 2{5\ n 5l ] - ui U[m 5 l n] + u l u [m 5^(C\N™ k + \c ik "N ik ™). (2.4.124) 



2 

Multiplying ( 12.4. 124ft by Uj gives the identity, so only 3 equations in (12.4.1241) are 
independent. Thus 3 components of J lk are arbitrary and we can impose 3 constraints 
on J lk . A simple choice is 

J ik u k = 0, (2.4.125) 

which means that in the local rest frame J Q ° = 0, so the three independent com- 
ponents of J lk are the spatial J af3 . Analogously to the Pauli-Lubahski pseudovector 
(11.6.70p . define the four-spin pseudovectc 



tor 



Ji = \e ijkl Uj J kh (2.4.126) 



which is orthogonal to u l , 



J l u % = 0. (2.4.127) 
The condition (12.4. 125ft gives the relation inverse to (12.4.1261) : 

jik = _ e W u .j h (2.4.128) 

Differentiating (12.4.126ft covariantly with respect to {j k } and using (12.4.124ft gives 

= ~l^"^dT eklmnUmjn + eijk % S lJl]{C n P rN mpr + \c pr n N^ m ) 

D®u k ■• / 1 \ 

= "«*-^-^ + e\ mUj (C n pr N^ r + -C pr n N^ m ) 

.ni} u k D^u 1 / 1 \ 

-J k + —]—u k J k + e l \ mUj (C n pr N mpr + -C pr n N^ rm ). (2.4.129) 



-u 1 '- 



ds K ds K nm 3 \ >•'' 2 
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Thus the covariant (with respect to the Levi-Civita connection) change of the spin 
pseudovector along the world line 7 is the sum of the corresponding Fermi- Walker 
transport (with respect to the Levi-Civita connection) and a term which depends on 
the torsion and spin density. 

In (12.4.1231) . the four-momentum P l depends on terms proportional to the four- 
velocity u l and terms in which the index I appears in other quantities. Define the 
mass of the system described by the energy-momentum density V[ lk as the coefficient 
m of u l in the expansion for — , 

pi 

— = mu l + ..., (2.4.130) 

c 

so 

m = ^ + -HL{.i}(«'j« + N™) - -^- C ik iN™ = ^IF, (2.4.131) 
c c z u u 2c z u u c 

where 

IF = pi + -L{/ k }( u \J k0 + N 0lk ) - i^C lk >N m (2.4.132) 

is the modified four-momentum. Substituting (12.4.1311) and (12.4.1321) into (12.4.1231) 
gives 



£>0 



J li Ui = cU l - mc 2 u l + u,(c\ k N^ k + l -C lk l N^) - Uj (C\ k N hk + \c ik >W kl )., 



(2.4.133) 

so U l — mcu 1 = IF(5j — u l Uj) is a vector. Thus the modified four-momentum II 4 is 
a vector and the mass m is a scalar. Substituting (12.4. 132p into (12.4.1221) gives the 
Papapetrou equation of motion for the spin: 

^-J lj = cu j Ii l - cu l W + C\ k N ]tk + ^C ik l N ikj - C\ k N Uk - ^C ik j N ikl . (2.4.134) 



Putting (I2.4.100p . (I2.4.107p . (12.4.1121) . (12.4.1151) . (12.4.1171) and (I2.4.132p into (12.4.941) 
gives 



+N 0lm ) + ^- CjN lm0 ) - U}(V„J - C lm *)M klm - {/J 



d /M^ 



2u° ' Li/cjviimj "im r" ds\ u° 



2 ifc ds \ u° 



1 1 • /?/' \ 1 

-^ft (" r im^ + r^A^) - -Cy^-iV* fc0 - N ikl j - -R lkl >N lkl 

= c-^- - {/J{^}(^^ mfc + N klm ) - {/ k }, m (u l J km + N™ k ) 
+\{k}C ln ;N lmk + C lk %* m N klm + \c ik \ m N ik ™ - ±R w W ikl = 0. (2.4.135) 



Using (11. 4.511) turns (12.4. 135p into the Papapetrou equation of motion for the momen- 
tum: 

= -Y c P \ mk u l J mk - Y c N ^iC m:j . (2.4.136) 

If the spin density vanishes then the Einstein- Cart an gravitational field equations 
reduce to the Einstein-Hilbert gravitational field equations. The conservation law 
for the spin density (jgXTSP with the condition jk = gives the symmetry of the 
energy-momentum density, % ik = % ki . The relations f)2.4.85p . (I2.4.86|) . (12.4.871) and 
(I2.4.88|) give then 

(2.4.137) 
(2.4.138) 
(2.4.139) 

/ (5x% m - Sx k W°)dV = \(-M m + M ki0 ), (2.4.140) 

where L lk is the angular momentum tensor, analogous to (12.4.581) . The modified 
four-momentum (12.4. 132p reduces to 

ff^ + iUKi" (2.4.141) 

and 02.4.1331) gives 



M ik -- 


= M k \ 


M ijk 


= M ikj , 


N ijk 


= 0, 


jik = 





U l = mcu 1 + — - — Ui. (2.4.142) 

as 



The relation (12.4.1291) reduces to 



—7— = -u—j — Jk + —j—u k J k , 2.4.143 
as as as 

so the covariant (with respect to the Levi-Civita connection) change of the spin pseu- 
dovector along the world line 7 is equal to the corresponding Fermi- Walker transport. 
Multiplying fl2.4.143j> by J; and using fl2.4.127j> gives 

J\Ji = const, (2.4.144) 

so the change of the spin pseudovector along a world line is a rotation, called spin 
precession. The Papapetrou equation of motion for the spin (12.4.1341) reduces to 

— =um l -u l W, (2.4.145) 

as 

while the Papapetrou equation of motion for the momentum (I2.4.136P reduces to 

-D^IT 1 ijmk 



ds 2 



V*- (2-4-146) 



79 



The change of the mass m along the world line 7 is, using (jl. 4.48ft . (12.4. 125|) . (I2.4.13ip . 
02.4.1421) and 02.4.1461) . 



dm D^m 1 D^W l,D®Uj l^D® Uj ID® LP* D®Uj 
— = = —u 1 — IF = —IV = u- - 

ds ds c 3 ds c ds c ds c ds 1 ds 

1 ^D^Ui D^iLi 

= — V 1 — - , 3 = 0, 2.4.147 

c ds ds 



so 



m = const. (2.4.148) 

In the absence of the external gravitational field and neglecting the gravitational 
field of the body, the relation 02.4.1411) gives 

IF = P\ (2.4.149) 

so 02.4.1461) reduces to 

dP j 

— =0, (2.4.150) 
whose integration gives the conservation of the four-momentum along a world line: 

P i = const. (2.4.151) 
The equation of motion for the spin (12.4.1451) becomes 

d T)i 

u ±- = v ppi - u l P\ (2.4.152) 
ds 

whose integration gives the conservation of the angular momentum along a world line: 

L lk + X i P k - X k P i = const. (2.4.153) 

The tensor L lk is the intrinsic angular momentum of the body, while the tensor (in 
the absence of the gravitational field) X t P k — X k P l is the orbital angular momentum 
associated with the motion of the body as a whole. If L lk = then (12.4.1531) gives 
P % oc u % , so (I2.4.15ip is equivalent to u % = const and thus X % is a linear function of 
the proper time r. If L tk 7^ then X % can be given by 3 arbitrary functions of r (since 
u l Ui = 1). In the momentum rest frame, in which P a = 0, u a 7^ 0, so the body has 
an arbitrary internal motion. The 3 constraints ( 12.4. 125ft eliminate this arbitrariness, 
so the equations of motion entirely determine the motion of the body. 

2.4.8 Energy-momentum tensor for particles 

If the body is not spatially extended then it is referred to as a particle. The corre- 
sponding condition 5x a = gives 

M ijk = 0, L ik = 0. (2.4.154) 
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Therefore (12.4.1121) reduces to ^N ij0 - N ijl = 0, which with 02.4.881) gives 

N ijk = u i J jk , (2.4.155) 

so 

jij = gij = N ijk u k , (2.4.156) 

where S 1 ^ is the intrinsic spin tensor. If the body is spatially extended then the 
difference 

Rik = jik _ S ik (2.4.157) 

is the rotational spin tensor. The difference between the rotational spin tensor and 
angular momentum tensor is, due to (I2.4.88|) and (12.4.1121) . 

juikO 

R ik _ cL ik = _ N iki Ui = _2M l W Ul . (2.4.158) 

This expression vanishes, because of (12. 4.89ft . in the velocity rest frame, in which 
u a = 0, which is also locally Galilean, so u a = 0. 

If a particle is spinless then its four-momentum is proportional to its four-velocity 
due to 02.4.14ip and 02.4.1421) : 

P l = mcu l , (2.4.159) 

which gives 

P 2 = m 2 c 2 , (2.4.160) 

in agreement with fll.6.80j> . Equations O2.4.100p . 02.4.12ip . 02.4.1371) . 02.4.1391) and 
02.4.1591) give 



M ik = -M m = ^M 00 = mcW, (2.4.161) 



so 



u u 



% ik dV = mc 2 (2.4. 162) 



or 

r fc (x) = mc 2 5(x - x )^-, (2.4.163) 

where <5(x — x ) is the spatial Dirac delta representing a point mass located at x . 
Define the mass density \i such that 

fiy/ldV = dm, (2.4.164) 

where I is given by (11.4. 1051) . The mass density for a particle located at x a is 

I r I 

/ i(x) = - ? = ( 5(x-x a ), (2.4.165) 



so (12.4.1631) turns into 



r * = /iC 2^1. (2.4.166) 
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Thus the energy-momentum tensor for a spinless particle is given by 

u l u k fie dx l dx ] 
fgoou y/g^ ds dt 



r k = ^4^- n j^Jjd^ (2A167) 



or, for a system of particles, 



u % u k 



T ifc (x) = $> a c 2 <5(x _ x a )^^. (2.4.168) 

The Papapetrou equation of motion (12.4.1461) for a spinless particle reduces to the 
metric geodesic equation (11.4.801) . 

— — = 0. 2.4.169 

ds 

In the absence of torsion and in the locally Galilean frame of reference, the con- 
servation law for the energy-momentum tensor is given by (I2.4.34j) . so 

T a \ t = 0. (2.4.170) 

Consider a closed system of particles which carry out a finite motion, in which all 
quantities vary over finite ranges. Define the average over a certain time interval r 
of a function / of these quantities as / = - J T fdt. The average of the derivative of a 

bounded quantity / = -(/(t) — /(0)) — > as r — > oo. Thus averaging (12.4.1701) over 
the time gives 

f a % = 0. (2.4.171) 

Multiplying (12.4.1711) by x a and integrating over the volume gives, omitting surface 
integrals, 

" x a TjpdV = -Jf a a dV = 0. (2.4.172) 
The average energy of the system (12.4.521) is thus 



E = I T °dV = I T/dV. (2.4.173) 
Substituting fll.6.115p into (I2.4.168P gives 

77(x) = ^m a c 2 5(x-x a )(l - V -) 1/2 , (2.4.174) 
so Tj > 0. Putting 02.4.1741) into (12.4.1731) gives 



E = ^m a c 2 (l-4) 1/2 , (2.4.175) 



which is referred to as the virial theorem. 
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Comparing 02.4.821) with (12.4.1741) gives 

e-3p = £mac 2 (l-^) 1/2 , (2.4.176) 

where the summation extends over all particles in unit volume, so p < e/3. In 
the nonrelativistic limit p ~ 0, while in the ultrarelativistic limit (v ~ c) p ~ e/3. 
Consider a system of noninteracting identical particles of mass m, which we call an 
ideal gas, with the number of particles in unit volume (concentration) n, so 

/i = nm. (2.4.177) 

Comparing (12.4. 77[) in the locally Galilean rest frame with (12.4.1671) gives the kinetic 
formulae for ideal gases: 

e = nmc 2 'j, (2.4.178) 

77 777 

p=— -jv 2 . (2.4.179) 
In a locally inertial frame of reference, (I1.6.115P and (12.4.1591) give 

P* = mcyfl.^Y (2.4.180) 

so the energy and momentum of the particle are 

E = mc 2 j, (2.4.181) 

P = m7 v. (2.4.182) 

Thus (I2.4.160P gives 

E 2 = (Pcf + (mc 2 ) 2 . (2.4.183) 

We also obtain 



v • dP = d{mcu a ) = — -d(mcu a )5 a P = -d{mcu a )g al3 

7 7 7 

r "n j t \ no 



7 7 

d(mcu )g w = cdP = dE. (2.4.184) 

7 

In the rest frame of the particle, P = 0, (12.4. 183j) reduces to Einstein's formula for 
the rest energy, 

E = mc 2 . (2.4.185) 
The formulae 02.4.1811) and 02.4.1821) give 

v=^p. (2.4.186) 

If a particle is massless, m = 0, then 02.4.1831) gives 

E = Pc, (2.4.187) 
which is consistent with 02.4. 186[) only if 

v = c. (2.4.188) 



References: [2j El El El [3 [9] . 
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2.5 Gravitational field equations 

2.5.1 Einstein-Hilbert action and Einstein equations 

The Einstein-Hilbert action for the gravitational field and matter is, due to (12.2.21) . 

S = J PV^QdQ + S m , (2.5.1) 

where the metric tensor is regarded as a variational variable and the affine connec- 
tion is the Levi-Civita connection. Varying (12.5.11) with respect to the metric tensor 
gives, using (12.3. ip and the identity <5a/~0 — ~\\[~%9%k^9 %k (which results from 
H = Q9 ik Sg ik = ~mk5g lk ), 

SS= -^/(^^v^+^^v^-^^ T ik V^6g ik dn. 

(2.5.2) 

Partial integration of the first term on the right-hand side of (I2.5.2p . using (ll.4.57p . 
brings this term to zero: 

J 6P lk g lk dQ = J ((6{! k }) d - (*{/i}):*)g tt <« = - J (g*V{/J - gV{<i»dn = 0, 

(2.5.3) 

where 

g ik = ^^g tk (2.5.4) 



is the contravariant metric density, whose covariant derivative with respect to the 
Christoffel symbols vanishes, g* fc .; = 0. Equaling 5S = in (I2.5.2p gives the Einstein 
equations of the general theory of relativity: 

Gik — K Tik (2.5.5) 

or 

Pik = ^{r ik - -Tg ik \ (2.5.6) 



Because 5 J Py/^QdQ = 5 J Gy/^QdQ, where the noncovariant quantity G is given by 
(12.2.51) . the left-hand side of the Einstein equations is 



l_d(^G) 



G lk = — vv » (2.5.7) 



The covariant conservation of the Einstein tensor (I1.4.67P imposes the conservation of 
the metric dynamical energy-momentum tensor (I2.4.23[) . Therefore the gravitational 
field equations contain the equations of motion of matter. In vacuum, where T ik = 0, 
the Ricci tensor in (I2.5.6P vanishes: 

P lk = 0. (2.5.8) 

Thus vanishing of Pi k at a given point in spacetime is a covariant criterion of whether 
matter is present or absent at this point. 
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The Einstein equations (I2.5.5P are 10 second-order partial differential equations 
for: 10 — 4 = 6 independent components of the metric tensor g ik (the factor 4 is the 
number of the coordinates which can be chosen arbitrarily), 3 independent compo- 
nents of the four-velocity u l , and either e or p (which are related to each other by 
the equation of state). The contracted Bianchi identity (11 .4.671) gives the equations 
of motion of matter. In vacuum, the Einstein equations are 10 — 4 = 6 indepen- 
dent equations (the factor 4 is the number of constraints from the contracted Bianchi 
identity) for 6 independent components of the metric tensor g^. 

In the Einstein equations, the only second time-derivatives of g^ are the derivatives 
of the spatial components of the metric tensor, g a p, and they appear only in the af3 
components of the field equations (12.5.51) . Therefore the initial values (at t = 0) for 
g a p and g a p can be chosen arbitrarily. The first time-derivatives go a and goo appear 
only in the a(3 components of the field equations (I2.5.5p . The 0a and 00 components 
of the field equations (I2.5.5P give the initial values for g 0a and g 00 . The undetermined 
initial values for g 0a and goo correspond to 4 degrees of freedom for a free gravitational 
field. A general gravitational field has 8 degrees of freedom: 4 degrees of freedom for 
a free gravitational field, 3 related to the four- velocity, and 1 related to e (or p). 

2.5.2 Einstein pseudotensor and principle of equivalence 

Define 

G = v^G, (2.5.9) 

where G is the noncovariant quantity ( 12. 2. 5ft . The action for the gravitational field 
and matter, 

S = -— [GdQ + S m = - f f-^-G + Z m )dQ, (2.5.10) 



2kc J c J V 2k 

produces the Einstein field equations by varying the metric tensor, because G differs 
from ^—gP by a total divergence: 

<] r ~G + 3n)=0. (2.5.11) 



5g lk V 2k 

Construct a canonical energy-momentum density (12.4.351) corresponding to the gravi- 
tational field, treating — ^G (which depends only on g % i and its first derivatives g lJ ^} 
like % m and g lk like a matter field (p: 

t'-iiw/*-**)- (2 ' 5 ' 12) 

This quantity is not a tensor density since (S> is not a scalar density and its division 

f i 

by y— 0) ~T^ ' ^ s rei ' erre d to as the Einstein energy-momentum pseudotensor for the 

gravitational field. The four-momentum corresponding to the total energy-momentum 
density for the gravitational field and matter (which is not a vector) is then 

P i = ^J(t i k + T i k )dS k , (2.5.13) 
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where the sum t k + % k is called the Einstein energy-momentum complex. The defi- 
nition (12.5. 12p gives 

2lff * _ a ^ Jl ^ Jl , S _ a 9 ® Jl d ® Jl , Jl 



which, using (I2.5.1ip . gives 



The covariant conservation (I2.4.23P gives 

T k J = = -/'WV = -^Vlm, (2.5.16) 

so the total energy-momentum density for the gravitational field and matter is ordi- 
narily conserved: 

(C + V),, = 0. (2.5.17) 

Integrating (12.5. 1T[) over the four-dimensional volume and using the GauB-Stokes 
theorem gives 

'{t k i + T k i )dS i = 0, (2.5.18) 



so the four- momentum (12.5.131) is conserved, Pj = const. Because the quantity tjfc is 
not symmetric in the indices i, k, the total angular momentum constructed from P % 
as in f!2.4.58p . 

M ik = J (x i dP k - x k dP i ) = -J {x\t kl + T kl ) - x k (f + T il ))dS h (2.5.19) 

is not conserved. The conservation law (12.5.171) gives t k l + T k 1 = r) k h i7 where n kh = 
—rj kd , so t k l — tf k = (r] k h — rf k l ) ti . Analogously to (12.4.441) and (I2.4.45j) . we could bring 
t k + T k 1 to a symmetric form. However, using 

(Vk U ~ V l k) instead of S fc K in fl2.4.45j) . 
where is replaced by if + % k , gives Tj fc = 0, so this symmetrization procedure 
does not work for the Einstein pseudotensor. 

The Einstein pseudotensor (12.5.121) can be explicitly written as 

V = ^({L}g lm k - {L}S m \k + W (2-5.20) 

so it is a homogeneous quadratic function of the Christoffel symbols. Thus it vanishes 
in the local Galilean frame of reference. It can also differ from zero in the Minkowski 
spacetime (in the absence of the gravitational field) if we choose the coordinates such 
that the Christoffel symbols do not vanish. Therefore the energy of the gravitational 
field is not absolutely localized in spacetime; it depends on the choice of the coor- 
dinates. The gravitational field can be always eliminated locally by transforming 
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the coordinate system to the local Galilean frame of reference in which the Einstein 
pseudotensor vanishes. This property of the gravitational field is referred to as the 
principle of equivalence. 

The construction of a conserved four-momentum for the gravitational field and 
matter is possible because the Lagrangian density for the gravitational field JL g is 
linear in the second derivatives of the metric tensor. The Lagrangian density (12.2.21) 
can be generalized to 

* fl = --^^=s~(P + 2A), (2.5.21) 

where A is referred to as the cosmological constant, without altering the Einstein 
energy-momentum pseudotensor (12.5.121) . Another scalar density which is linear in 
curvature is e^ kl Pijki, but this parity- violating expression vanishes due to the cyclic 
identity (11.4.641) . Therefore the simplest choice for a gravitational Lagrangian density, 
linear in P, is the only one that admits ordinary conservation laws for the gravitational 
field and matter, and thus physical. 

2.5.3 Landau-Lifshitz energy-momentum pseudotensor 

The covariant conservation (I2.4.23P in the local Galilean frame of reference is 

T fc «=0, (2.5.22) 

so T tk can be expressed as T tk = rj l7 where rf = —rj dk . The Einstein equations 
(12.5.51) in the Galilean frame are 

ilk iikl 



(- )r fe = h lkl „ (2.5.23) 



where 



h m = X lklm ^ m = -h M , (2.5.24) 

X iklm = _L, Q \, g ik g lm _ gilgkmy (2.5.25) 

In an arbitrary frame of reference, (12.5.231) is not valid. Define t tk such that 

{-%){t ik + T ik ) = ti k \ l . (2.5.26) 

Therefore 

((- )(f fe + T ifc )) fc = 0, (2.5.27) 
so there is a conservation of the four-momentum of the gravitational field and matter, 

P i = - f (-t)(t ik + T ik )dS k . (2.5.28) 



c 

The quantity t lk is not a tensor density, so the conserved four-momentum P l (12.5.281) 
is not a vector. The four- momentum P l is not a vector even for Lorentz transfor- 
mations, because of the factor —0 instead of the correct (weight 1) density a/— g in 



87 



(12.5.28p . Dividing P l by \f—% at some fixed point (a natural choice is infinity) turns 
it into a vector under Lorentz transformations. Using (I2.5.26P turns (12.5.281) . for the 
hypersurface dSo = dV, into 

P 1 = \J h lk \ t dS k = ±-J h m df kl = -J h i0a df a . (2.5.29) 

The quantity t tk is referred to as the Landau- Lifshitz energy-momentum pseudotensor 
for the gravitational field, and the sum (— Q)(t tk + T tk ) is called the Landau- Lifshitz 
complex. 

The explicit expression for the Landau-Lifshitz pseudotensor is 

t ik = yM 1 ^ ~ 9 tk 9 lm )(Hr m }L P p } - {£}{£„} ~ {£}{£,}) 

i il n mn/r k\( p \ i ( k UP1 (fclfP 1 _ f UP1\ 
~y y \\lpS XmnS ' \mnf\lp) \npf\lmf \lmf\npf I 

, ki mn(( iirp j , f« i r pi _ r i y p \ _ r * y p \) 

1 y y VUpJ ImnJ 1 ImnJ VlpJ VnpJ UmJ UmJ VnpJ 1 
+g lm 9 nP ({ l l n}{tp\ - VrnHnp})) (2-5.30) 



or 



I 1 f „-ik „lm „il „km i ^ _ifc_ _in _pm 

-foVrng^pg"*, , + 9 kl 9mng m , p g mP , l ) + 9^9^^% 

+ l(2g u g km - g ik g lm )(29n P 9 qr ~ 9 Pq 9nr)g nr ,g" Y (2.5.31) 



This pseudotensor is symmetric in the indices i, k, so there is a conservation of the 
total angular momentum constructed from P l as in (12.4.581) . 

M ik = J (x i dP k - x k dP i ) = - c J {x\t kl + T kl ) - x k (t il + T il )){-$)dSi. (2.5.32) 

Dividing M tk by a/~8 & t infinity turns it into an antisymmetric tensor under Lorentz 
transformations. Using (12.5.241) and (12.5.26)) turns (12.5.28)) . for the hypersurface 
dSo = dV, into 

Mlk = -J ^^^nm ~ X k X Umn tnm )dS l = 1 f{x*\ klm \ n - /A lta JC 

__ j^in _ \ ilkn ^ n dS l = - j>( x i h k0a - x k h i0a + X i0ak )df a . (2.5.33) 

Choosing the volume hypersurface dV = dSo gives 

M %k = - c J (^(t fc0 + T k0 ) - x k (t i0 + T iQ )){-i)dV. (2.5.34) 

The conservation of M 0a in (12.5.341) divided by the conservation of P° in (12.5.281) 
gives a uniform motion (12.4.611) with velocity (12.4.621) of the center of inertia for the 
gravitational field and matter, with the coordinates 

ya _ fx«(t™ + T™)(- Q )dV 

~ J(too + T oo )( _ 0) ^ • ( 2 - 5 -^ 

The coordinates of the center of inertia (12.5.35)) . like (12.4.631) . are not the spatial 
components of a four-dimensional vector. 
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2.5.4 Utiyama action 

The Utiyama action for the gravitational field and matter is equal to (12.5.11) . where the 
tetrad is regarded as a variational variable and the spin connection is the Levi-Civita 
spin connection ( 11. 5. 31ft . Thus (12. 3. 5ft gives 

SS = / S(tP)dQ + - f % a 5e l a oin. (2.5.36) 

The Lagrangian density for the gravitational field is given by (12.2.2(1 . with the Rie- 
mann scalar P given by ( 11.5.391) and ( 11.5.411) : 

tP = tey\w\ hl - w a UJ + w a ^ bj - w a cj ™%) = + ), (2.5.37) 

where 

4 = teiV 6 ] . (2.5.38) 

Varying tP and omitting total derivatives gives in the absence of torsion, using St = 
telSe? and t% b]j = t^ bJ - ro c a /j, - zu c bj tg = (which results from p.5.22|)), 

S(tP) = (2P% - Pe1)tSe\ + 2&J(<m + = - P^K 

Jj _c Jj c 
Z ab,j ~ W aj Z cb ~ W bj 

Equaling SS = gives the tetrad Einstein equations: 



+2(C, - ™ C aA ~ rfJ&M*i = (2P^ - Pet)tSel (2.5.39) 



P\ - l -Pe1 = 1% a , (2.5.40) 
2 t 

equivalent to the metric Einstein equations (12.5.51) because of (12.3.41) and (12.3.32P (in 
the absence of torsion). 

2.5.5 M0ller pseudotensor 

The Riemann scalar P is linear in derivatives of w a bi : 

tP = (eeie^T* ),, - M),***, - {te\e{^\), + {te\e{),w a \ + te^w^w^ 
-te\e{w ac ^ c \ = 2{td a e j b ™° h i),i ~ 2{te\e{)^ h 3 + te\e{w a \w^ 
-t^^ci- (2-5.41) 

Thus we can subtract from tP total derivatives without altering the field equations, 
replacing P by a noncovariant quantity M: 

cM = -2{tey b )^ a \ + te^ b w a \w^ - tJJ b ™^ c \ 

= -2e({ fc * + w\^ 3 - + t^w* - {LW k 3 ) 

+t{u%uj j - w « a;/,) = - "W, (2-5.42) 

using (11.4.351) and (11.5.311) . Therefore 
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Because of (11. 5. 151) . the quantity (12.5.431) depends on the tetrad e l a and its first deriva- 
tives e' -. Therefore, analogously to (12. 5. 12j) . we can construct a canonical energy- 
momentum density corresponding to the gravitational field, treating — ^eM: 

This quantity is not a tensor density since tM is not a scalar density and its division by 

HI * 

e, "Y", is referred to as the M0ller energy-momentum pseudotens or ioi the gravitational 
field. One can show, analogously to the steps leading to (12.5. 17} that the total energy- 
momentum density for the gravitational field and matter is ordinarily conserved: 

{a* + T k % = 0. (2.5.45) 

Thus the corresponding total four-momentum is conserved: 

Pi = - c J (m 4 fc + % k )dS k = const, (2.5.46) 

where the sum m k + T i k is called the M0ller energy-momentum complex. The M0ller 
pseudotensor depends on the choice of both the coordinates and the tetrad. To fix 
the tetrad, one can impose on it 6 constraints which are covariant under constant 
Lorentz transformations but not under general Lorentz transformations (otherwise 
these constraints would not fix the tetrad since Lorentz transformations are tetrad 
rotations). A natural choice is to constrain the 6 components of the spin connection 
Uijk in which the last index is contracted with a covariant derivative or the trace of 
the spin connection. 

2.5.6 Einstein-Cartan action 

If we regard the torsion tensor as a variational variable (in addition to the metric 
tensor) then the action for the gravitational field and matter is, due to (I2.2.ip . 

S = -^-J R^dVl + S m , (2.5.47) 
and it is referred to as the Einstein-Cartan action. Using (11.4.541) gives 

S = -^ c j{ p - 9 lk i^C\ hk + C\f l u - C\ m C m kl )) V^dQ + S m . (2.5.48) 

Partial integration of the terms with covariant derivatives : and omitting total deriva- 
tives (which do not contribute to the field equations) reduces (I2.5.48P to 

S =-^ c j( p - 9 l \C\f l kl - C\ m C m kl )) V^QdQ + S m . (2.5.49) 

Varying (12.5.491) with respect to the metric tensor and contortion tensor (which is 
equivalent to varying with respect to the torsion tensor) gives, using (12.3. 19[) . (12.3.261) 
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and (BSD , 

^ = _ 2kc I (^ fc ~~ ^9ik — C j ij C l M + C l im C m kl + -g^C^jC 1 ^ — C lj m C 



m - 



1 



+-J s/^SC\ k dQ. (2.5.50) 

For variations £g ifc , <5>S = gives the /irsi Einstein- Cartan equation 

G lk = K(T tk + U ik ), (2.5.51) 



where 



or 



^ifc — — (c : ' i jC l kl — C l i jC : ' kl — -gik(C^ jC l ml — C mjl Cij m )\ (2.5.52) 



Uik = l(-( sl v + ^ (ij) l )(S j M + 2S (M) j ) + 4StS k + \g lk {S^ 1 + 2S^ m ) 
x (3 ljm + 2S Um)l ) - 2g ik S j S^j . (2.5.53) 
For variations SC J ik , 5S = gives the second Einstein- Cartan equation 



ik 

-ik xknl _ k 

2 

or 



T\k = ~sj, (2.5.55) 
where 

T{ k = S j ik - S t 5i + S k 5l (2.5.56) 
is the modified torsion tensor. The relation (12. 5. 55j) is equivalent to 

S\ = ~{s ij k + S\ i 8^). (2.5.57) 

This relation between the torsion and spin tensors is algebraic: torsion at a given point 
in spacetime does not vanish only if there is matter at this point, represented in the 
Lagrangian density by a function which depends on torsion. Unlike the metric, which 
is related to matter through a differential field equation, torsion does not propagate. 
Combining ( 12.5.521) and (12.5.571) gives 

Uik = «(-aV"i] - l 8 *** + I s ' V + ^(- 4s W si ™ + (2-5.58) 

The tensor (I2.5.58[) represents a correction to the dynamical energy-momentum tensor 
from the spin contributions to the geometry of spacetime, quadratic in the spin density 
(so the sign of the spin density does not affect this correction) and corresponding to a 
spin-spin contact interaction. If matter fields do not depend on torsion then Uik = 
and the first Einstein-Cartan equation (12. 5. 51 [) reduces to the Einstein equations 
(12X51) . 



91 



2.5.7 Kibble-Sciama action 

The Kibble-Sciama action for the gravitational field and matter is equal to (12.5.471) . 
where both the tetrad and spin connection are regarded as variational variables. Thus 
( I2.3.27D gives 

5S = f S(tR)<m + - I % a SeidQ + 1- ( ^JSu^dn. (2.5.59) 

The Lagrangian density for the gravitational field is given by ( 12.2.11) . with the curva- 
ture scalar R given by (11.5.361) and (11.5.380 : 

tR = tey\u\ hl - u\ 3 + uj a cl oo c bj - u a c ^ bl ) = -ICU'";,, + (2.5.60) 

Varying tR and omitting total derivatives gives, using e^L ■ = e^j — u °aj e cb ~ ^hj^L + 
r,VS + ~ r fe fe iC = (which results from (fTX22D), 

5(tR) = {2R\ - Re«)t6ei + 2t» b 5(u ab jti + 

= (2R\ - Re?)t5ei + 2{t% - </i - u%&u; a \ 

= (2R\ - Pe«)t6el - 2(S\/ a i + 2S^ b )5u: a \. (2.5.61) 

For variations Su ab i , 5S = gives 

S\ b -S a el + S b e\ = -^% ab \ (2.5.62) 

equivalent to the second Einstein-Cartan equation (12.5.551) . For variations 5e l a) 5S = 
gives 

R a i - \R4 = ~% a (2-5.63) 
2 t 

or 

R ki - 7;Rg*k = ~^=%k- (2.5.64) 

Substituting (12.5.551) and (12.5.641) into the conservation law for the spin density 
(12.4.160 gives 

- 2(S* ii;fc - S i;j + S j;i ) = R 3i - Rij - AS k (S% - SiS* + S$), (2.5.65) 

which is equivalent to the contracted cyclic identity (II. 4.610 . Thus the contracted 
cyclic identity imposes the conservation law for the spin density in the Einstein- 
Cartan gravity. Substituting (12.5.550 and (12.5.640 into the conservation law for the 
energy-momentum density (12.4.311) gives 



(2.5.66) 

which is equivalent to the contracted Bianchi identity (11.4.620 . Thus the contracted 
Bianchi identity imposes the conservation law for the energy-momentum density in 
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the Einstein-Cartan gravity. Substituting (12.5.551) and (I2.5.64p into the Belinfante- 
Rosenfeld relation (12.3.331) gives 

nT ik = R kl - ^Rg tk + V*(S j ik + 2S k S{ - 2S {lk) j - 2S j g ik ) = R kl - ±Rg ik 
+V){-C\ l + C l kl 5{ - C l \g lk ). (2.5.67) 

Combining fll.4.52p . fll.4.541) and (12.5.67ft gives 

nT ik = P ik — -Pgi k + C l kid — C l khi + C^Cj-; — C\ X C 1 ^ — -g ik (—2C l \.j 

~ U l U jm "+* ° ^Ijm) ~ ^ k i:j ~ ° lj U ki + ° Zi + ° ij fcZ + ° fcj:i 

-C^C% - 9ik(C% + C\f ml m ) - C^-Ch + C l kl 5{ - C l \g lk ), (2.5.68) 

which is equivalent to the first Einstein-Cartan equation (I2.5.5ip . Thus the rela- 
tion between the Ricci tensor and the Riemannian Ricci tensor is equivalent to the 
Belinfante-Rosenfeld relation in the Einstein-Cartan gravity, and (12.5.641) is another 
form of the first Einstein-Cartan equation. 

2.5.8 Einstein-Cartan pseudo-tensor 

Replacing the action for the gravitational field and matter (j2. 5.49ft by 

S = ~2^c K° ~ ~ C l im C m kl ))V^cM + S m (2.5.69) 

produces the first Einstein-Cartan equation by varying the metric tensor, because 
^/—gG differs from ^/—gP by a total divergence: 



S 



I ( G - g^(C j nj C l pl - C l nm C m pl )) + % m ) = 0. (2.5.70) 



Sg ik V 2k 

The canonical energy-momentum density for the gravitational field is also given by 
( 12.5.121) . The relations 02.5.141) and (12.5.701) give 

i _ gjm + 2Kg nP {C 3 nj C l pl - C l nm C m pl )) 7 l (r ^— v ji ( 9 z 7 i\ 

The covariant conservation (12.4.23ft gives 

= -\g lm ^% m + V=QU lm ), (2.5.72) 

so the total energy-momentum density for the gravitational field and matter is ordi- 
narily conserved: 

(t^ + V + y^7 fc % = 0. (2.5.73) 
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Thus the corresponding four-momentum is conserved: 

Pi = \j(t i k + T i k + ^U k )dS k = const. (2.5.74) 

t k 

The quantity -H = + U k is referred to as the Einstein- Caftan energy-momentum 

pseudotensor for the gravitational field, and the sum t k + % k + ^/—^U k is called the 
Einstein- Cartan energy-momentum complex. 

2.5.9 Palatini variation 

If the matter action S m does not depend on the affine connection, its variation with 
respect to the metric and connection (ST/ k is a tensor) is referred to as the Palatini 
variation. Varying (12.5.471) with respect to TA gives, due to (11 .3.391) . 

^=~/ M2i*g*dn = ~ f m! k h - {STtit - 2S i lk Srf J )g 1k y/=vKl. 

(2.5.75) 

Partial integration and omitting total derivatives in ( 12. 5. 75ft gives, using ( 11.2.331) . 

5S = 1 Ll (*r< fcK** 5 i — a^nnr/fcg** — .sr^g*.* h- a-Sibtfr^g** h- as^fctfr^g*)^. (2.5.76) 

Since the affine connection is metric-compatible, = 0, 5S = turns the torsion 
tensor into zero, so the connection is formed by the Christoffel symbols and the field 
equations are the Einstein equations (12.5.51) . Thus varying the action for matter 
fields, which do not depend on the affine connection, with respect to the connection 
is equivalent to varying it with respect to the torsion tensor. However, if the matter 
action S m depends on the affine connection then (12.5.761) becomes 

+^frf j k sr> k dn, (2.5.77) 

where the hypermomentum density is defined as 



11*,* = 2^b. (2.5.78) 

ST< 3 k 



Since the connection is metric-compatible, 5S = gives 

g tk Sj - 5 k S l - S k ) = -^=U ik . (2.5.79) 

Contracting the indices i,j gives 

n\ k = 0, (2.5.80) 
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which also results from the invariance of the Lagrangian density under a projective 
transformation (11.2.491) (the symmetric part of the Ricci tensor is invariant under this 
transformation) : 

5% = 5Z m = in*/5iy fc = = 0. (2.5.81) 

The relation (I2.5.80P constrains possible forms of matter Lagrangians algebraically, 
so it is not a conservation law. Therefore varying the action with respect to the 
affine connection, unlike that with respect to the torsion (or spin connection), does 
not constitute a physical variational principle. Only the antisymmetric part of the 
connection (torsion) can be regarded as a dynamical variable; its symmetric part can 
always be brought locally to zero by a suitable transformation of the coordinates. 

2.5.10 Gravitational potential 

If the metric tensor gij is approximately equal to the Minkowski metric tensor rjij 
then the corresponding gravitational field is weak. We can write 

goo « 1 + -j, 2.5.82 

where is referred to as the gravitational potential. Thus nonrelativistic gravitational 
fields, corresponding to the limit c — > oo, are weak. Also u° ~ 1 and u a ~ 0. In this 
limit, the leading component of the Levi-Civita connection is 

/«l«_i «/^ (2 5 83) 



so the metric geodesic equation ( 11.4.80P reduces to 

Tt = 

The quantity G in (12.2.51) reduces to 

2._^ 2 



(2.5.84) 



G = -(V0) 2 . (2.5.85) 



c 

The leading component of the Riemannian Ricci tensor is 

a. ™W 40 - 7^- < 2 - 5 - 86 > 

The leading component of the energy-momentum tensor (12.4. 167ft is 

Too = lie 2 . (2.5.87) 

Therefore the Einstein equations in the nonrelativistic limit reduce to the Poisson 
equation: 

A0 = AnG/i, (2.5.88) 

where 

G = ^ (2.5.89) 

87T 

is Newton's gravitational constant. In vacuum, where \x = 0, the Poisson equation 
reduces to the Laplace equation: 

A0 = O. (2.5.90) 
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2.5.11 Hydrodynamics 

The covariant conservation ( 12.4.241) of the metric energy-momentum tensor ( 12.4.771) 
gives 

((e + p)u k ). k u l + (e + p)u k u\ k = p, k g lk . (2.5.91) 
Multiplying (12.5.911) by Ui gives 

((e + p)u k ). k =p, k u\ (2.5.92) 
which, upon substituting into (12.5.91 j) yields the Euler equation: 

(e + p)—^=p, k V k . (2.5.93) 
as 

If p } i oc Ui (which includes the case p = const) then ( 12.5.931) reduces to the metric 
geodesic equation (11.4.801) . Defining a quantity w such that 



dw de 



(2.5.94) 



w e + p 
brings (12.5.921) to 

(wiS)* = 0. (2.5.95) 

In the nonrelativistic limit, c — > oo, u° ~ 1, u a ~ — , e ~ /ic 2 and p C e, so 
(I2.5.92p reduces to the equation of continuity: 

^ + divs = 0, (2.5.96) 

where 

s = /iv (2.5.97) 
is referred to as the mass current. Integrating (12.5.961) over the volume gives 





Ot 



J fidV + I s • di = 0, (2.5.98) 



which means that the change in time of the total mass inside a volume, m = J fidV, 
is balanced by the mass flux through the surface bounding this volume, representing 
the conservation of the total mass of a fluid. The Euler equation ( 12.5.931) reduces in 
this limit to 

or 

^lt = ^VM + (v ' v)v ) = _/uV0 " Vp - (2-5.100) 

Integrating (12.5. lOOp over the volume gives, using P = / fivdV, the change in time of 
the total momentum of a fluid: 



Jv^dm-^pdf. (2.5.101) 



Without pressure gradients, (12.5. lOOp reduces to (I2.5.84p . 
References: [EJ [21 El H EJ EJ H] 
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2.6 Spinor fields 
2.6.1 Dirac matrices 

The Dirac matrices defined by ( 11 .7. II) are complex. A particular solution of (11.7.11) is 
given by the Dirac representation: 

✓-(J ',).*■- {-I 7). 

where / is the unit 2x2 matrix and 

•■-(!*)■•'-(! » )■•■-(; -°o (2 - 6 - 2) 

are the Pan/i matrices (all indices are coordinate invariant). The Pauli matrices are 
traceless tr(cr a ) = and Hermitian (the Hermitian conjugation of a matrix 

^4 is the combination of the complex conjugation and transposition, A< = A* T ), satisfy 

(T a (Jp — 5 a p + iSapyCTj, (2.6.3) 

and their square is /. The identity (12.6.31) gives the anticommutation relation 



0~a OjS_ 

2 ' 2 



ie a ^, (2.6.4) 



so ^ form the lowest, two-dimensional representation of the angular momentum 
operator M a ( ll.6.76p . The properties of o~ a imply that the Dirac matrices are traceless 
tr( 7 *) = and satisfy 

7 ot = 7 ; 7 at = _ 7 « ; yt = 7 « 7 * 7 o. (2.6.5) 

Define 

7 5 = -^eywTV'TV = ^7 7 1 7 2 7 3 , (2.6.6) 
which is traceless tr( 7 5 ) = and Hermitian 7 5 ^ = 7 5 , and satisfies 

{f,7 5 } = 0, (7 5 ) 2 = 1- (2.6.7) 

In the Dirac representation 

7 6 = ( J J ) ■ (2.6.8) 
The anticommutation relation (11.7.11) gives 

7*7< = 4, (2.6.9) 

7 y 7 . = _2y, (2.6.10) 

7 V7 fc 7i = 4t7 , '*J, (2.6.11) 

yy 7 fc y 7 . = _2yyy, (2.6.12) 

7 y 7 * = r/V + r^'V - r/V + ie ijkl JU 5 . (2.6.13) 
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The Dirac representation is not unique; the relation (11.7.11) is invariant under a sim- 
ilarity transformation 7* — > SyS^ 1 , where S is a nondegenerate (det 5* 7^ 0) matrix. 

Accordingly, ip — > Sip and ip — > ipS^ 1 . Taking S = -j= ^ ^ j ^ turns the Dirac 

repreentation into the Weyl representation, in which 

For an infinitesimal Lorentz transformation (11.6.7P , the relations fjl.7~.5j) and (j 1.7. 6ft 
give L = I + |e afe (7 a 7 b - 7V), so 

Lt = / + ^(7 - 7 at 7 6t ) (2.6.15) 

o 

is equal to L -1 (so L is unitary) for rotations and equal to L for boosts. The relation 
(12.6.51) gives then 

Lh° = 7° + ^ afe ( 7 bt 7 at - 7 at 7 fet )7° = 7° - JW^V - 7V) = 7°^" 1 - (2.6.16) 
o o 

Thus the quantity ip^j transforms under fl 1 . 7. Tj) like an adjoint spinor: 

V> f 7° -> = ^ ] l Q L-\ (2.6.17) 

The spinors ^ and t/^7 can be used to construct tensors, as in 1 11. 7. lift : ^j°ip 
transforms like a scalar, ip^ Q ^ l ip is a vector, ip^ ^ 5 ^ is a pseudoscalar, ip^^^rfip 
is a pseudovector, and ip^^^^ip is an antisymmetric tensor. Higher-rank tensors 
constructed from ip and ip^° reduce to the above 5 kinds of tensors because of fj2.6. 13j) . 
Hereinafter, we will use ip to denote ip^ . 
Define the chirality projection operators 

P ± = L±^, P + + P _ = I ) P| = J, P+ p_ = p_p + = o. (2.6.I8) 

They project a spinor ip into the right-handed spinor ipR and left-handed spinor ipi, 

iPr = P+iP, ip L = P-ip, iP = ip R + ip L . (2.6.19) 

2.6.2 Dirac equation 

A Lagrangian density for dynamical spinor fields must contain first derivatives of 
spinors. The simplest scalar containing derivatives of spinors is quadratic in ip, ipYip-i, 
where ip-i is the covariant derivative of ip (jl. 7.14ft . This quantity is complex. In the 
locally inertial frame of reference, its complex conjugate is 

$7V,i)* = $7V,i) f = ^f¥ f = MVtV = tffty, (2.6.20) 

so both ip^ip^ J r'4 , ,il l ' l l ) an d i{'ip'J l ' l l J ,i ~'4 , ,il t ' l P) are reai - The former is, however, equal 
to a total divergence (ipYip),i, so a Lagrangian density proportional to such term 
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does not contribute to field equations. Thus the simplest dynamical part of a spinor 
Lagrangian density is proportional to ifyrfipj — ^7*^1). Another scalar that can be 
used in a spinor Lagrangian is proportional to tpip. Therefore the simplest Lagrangian 
density for spinor fields, in the locally Galilean frame of reference, has the form 

where m is a real scalar constant called the spinor mass, and it is referred to as the 
Dirac Lagrangian density. For any frame of reference, 

tt — — — tt — — — 

%i> = t^OtV;* - V'iiTV) - mtipi) = -e\{^ a ip.i - ^ ;i 7» - mtifyiff. (2.6.22) 

Consider the metric formulation of gravity with the Einstein-Hilbert action (12. 5.1ft . 
Therefore spacetime has the Riemannian geometry, so ip-i = ip.^. Varying (12.6.221) with 
respect to ip and omitting total derivatives gives 

5%^ = Stpiifip-.i - mip), (2.6.23) 

so the stationarity of the action 5S = under Sip gives the Dirac equation: 

= mip. (2.6.24) 

Varying (I2.6.22[) with respect to ip and omitting total derivatives gives the adjoint 
conjugate of (12.6.241) : 

- ifary* = mil>. (2.6.25) 

The Dirac equation is linear in ip, so ip can be multiplied by an arbitrary constant 
without altering (12.6.241) . Varying (12.6.221) with respect to e\ gives the tetrad energy- 
momentum density for the spinor field, 

it - - - - - 

% a = o (^7>:i - V^7> - eftWy + e^YVO + mte^i/;, (2.6.26) 

so 

% — — — — — 

T ik = ^(lpl(k1p:i) ~ 1p:(i7k)1p ~ giki>l 3 i>:j + 9ik1p:jT V) + ™>9ik^- (2.6.27) 

The conservation law (12.4.24ft applied to the energy-momentum tensor (12.6.27ft gives 
the Dirac equations (12.6.241) and (12.6.251) . 

Subtracting ( 12.6.25ft multiplied by ip from (12.6.241) multiplied by ip gives, using 
(I1.7.33P and ip\i = ip : ^ 

(VS 7 V)|i = $7Y)rf = 0, (2.6.28) 

so the vector density 

JV = ^tV, (2-6.29) 
called the vector Dirac current, is conserved: ] l Vi = or 

^ + V-j = 0, (2.6.30) 
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where 

cp = iip^if), j — tip'yip. (2.6.31) 

The spinor density p is real and positive. The conservation law (I2.6.30P is referred to 
as the equation of continuity, like (|2.5.96|) . 
The Dirac equation (I2.6.24p gives 

=«mf^ (2-6.32) 

or, due to (ll.7.33p . 

- 7 j 7V|ii = mfy (2-6.33) 
Using fll.7.30p and (I1.7.39P turns (12.6.331) into the Klein- Gordon-Fock equation: 

V,/ + m 2 ip = ^Rmrfl'flH- (2-6.34) 

If a spinor is equal to its either left- or right-handed projection, if) = ipi or if) = if)R, 
then it is called a Weyl spinor. Multiplying (I2.6.24p by P± gives 

iP±7V:i = HP^-.i = mP ±^ (2.6.35) 

or 

ifif)^ R) =rmf) R{L) . (2.6.36) 
Thus if if) is a Weyl spinor then m = 0. 

2.6.3 Spinors in Einstein-Cartan gravity 

Consider the metric-affine formulation of gravity with the Einstein-Cartan action 
(I2.5.47p . in which spacetime has the Riemann-Cartan geometry. Varying (12.6.221) 
with respect to e l a gives the tetrad energy-momentum density for the spinor field, 

it — — — — — 

% a = 2 (^7>;i - V^7> - efyy'iif.j + e«if). tj j J if)) + mtetyij). (2.6.37) 

Putting the definition of the covariant derivative of a spinor ( II. 7.14ft into ( 12.6.22H 
gives 

%t — — it — — 

l,.- Wti ~ V> iYVO - 2 ^{f, T,} V - mtiPif). (2.6.38) 

Using the Fock-Ivanenko coefficients ( 11 . 7.281) as the spinor connection Tj turns ( 12.6.381) 
into 

it — — it — — 

l t , = Tr(V7V,i - + ^auHl\ l a l }^ - mtipif). (2.6.39) 

The spin density (I2.3.17P corresponding to the Lagrangian density (I2.6.39P is, due to 
the identity {7*, 7 J 7 fe } — 2^^^, 

= -^ly^ (2.6.40) 
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or 

s ijk = ^[yyty, (2.6.41) 

The spin density (I2.6.40p is independent of m and totally antisymmetric, 

03k = (2.6.42) 

The second Einstein-Cartan equation (12. 5.57ft for the spin tensor (12.6.411) gives a 
totally antisymmetric torsion tensor, 

it" 

S ijk = —^^l[iljlk}^, (2.6.43) 
so Si = 0. Thus the contortion tensor is, using (12.6. 13j) . 

C ijk = -^uHl^- (2-6.44) 

The pseudovector density 

f A = ^7*7^ (2.6.45) 

is called the axial Dirac current. 

Varying (I2.6.39[) with respect to gives, after omitting total divergences, 

Z -(ry k th + (er*V0,* - *i T k, l k }^) - tmi, = 0. (2.6.46) 

Substituting 

(e 7 fy),fc = t7*V,* + n k ; k ^ ~ 2tS kl k ^ = trf^ + t[T k , 7 fc ]^ (2.6.47) 
into (I2.6.46P gives 

ij k i>,k - h k ^ki' - mijj = i^ k ip ]k - rmj) = 0. (2.6.48) 
The relation fll . 5.33j) gives 

tk = 1>>.k + -Cijkjyip, (2.6.49) 
from which we obtain, upon substituting (12.6.441) . 

= i%k + ^r{h l i^)ia h i>- (2.6.50) 



Therefore (I2.6.48j) becomes the Heisenberg-Ivanenko equation: 



3k 

il k ^± ~ ^(^7fc7 5 ^)7 fc 7 5 ^ = mip. (2.6.51) 
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Varying (I2.6.39P with respect to if) gives the adjoint conjugate of (12.6.511) . 

- i^-.kl k ~ ^(^7fc7 5 ^)^7 fc 7 5 = rmf). (2.6.52) 
o 

The Heisenberg-Ivanenko equation (12.6. 51 j) differs from the Dirac equation (12.6.241) 
by a nonlinear term, cubic in the spinor field and representing a spinor self-interaction, 
corresponding to a spin-spin interaction in the tensor (12.5.581) . The conservation 
law (I2.4.32p applied to the energy-momentum density (I2.6.37P gives the Heisenberg- 
Ivanenko equations (12.6.511) and (I2.6.52p . Subtracting (12.6.521) multiplied by if> from 
(I2.6.5ip multiplied by if) gives the conservation of the vector Dirac current (12.6.291) . 

The total antisymmetry of the spin density implies 

N ijk = N [ijk] } (2.6.53) 

where N ijk is given by fl2.4.87j> . Also 

NV* = 3S liS u k] , (2.6.54) 

where is the intrinsic spin tensor (12.4.1561) . The covariant (with respect to the 
Levi-Civita connection) change (12.4.1291) of the spin pseudovector along a world line 
becomes 

~ls~ = ~ ul ^LT Jk + 1T U Jk + = 3S > JN > ( 2 - 6 - 55 ) 

where 

N* = ^ e ijkl N ]kl . (2.6.56) 

If N l oc J 1 then (12.6.551) gives J l J, = const. For a point particle, M y given by 
(I2.4.86P vanishes. Thus (12.4.1121) reduces to 

nil 

N ijl = —N l]0 , (2.6.57) 

which for a spinor particle gives N d0 = —^jN m and thus N^ k = or 

ip = 0. (2.6.58) 

Therefore a spinor field in the Einstein-Cartan gravity cannot be approximated as a 
point particle. 
References: [3j H El El [7] . 

2.7 Electromagnetic field 

2.7.1 Gauge invariance and electromagnetic potential 

The Lagrangian density (12.6.221) is a real combination of the complex Dirac matrices 
7* and spinors if), if). It is invariant under a gauge transformation of the first type of 
the spinor fields, 

,j,^nj/ = e iea il), 7p -> $ = e~ iea ip, (2.7.1) 
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if ea is a real scalar constant, but it is not invariant for ea(x l ), because 

^ = e iea (^ + iea^). (2.7.2) 

Introduce a compensating vector field A^, called the electromagnetic potential, such 
that the Weyl or electromagnetic covariant derivative 

Dp = V M - ieAp (2.7.3) 

of a spinor ip, 

D^ = Vv - ieA^ (2.7.4) 

transforms under (I2.7.ip like ip: 

Dy$ = e iea D^. (2.7.5) 

This requirement gives 

^ - ieA'^' = e iea (i>., - ieA^), (2.7.6) 

which, with (12.7.11) and (I2.7.2p . yields the transformation law for the electromagnetic 
potential, 

A'^Ap + a^, (2.7.7) 

called a gauge transformation of the second type. The real scalar constant e is called 
the spinor electric charge. The adjoint conjugation of (I2.7.4P is 

D^ = ^ + ieA* fl . (2.7.8) 
The scalar ipip is invariant under (12.7.11) . so 

DJ$1>) = d^), (2.7.9) 

which constraints the electromagnetic potential to be real: 

A; = A,. (2.7.10) 

The time component of A^, <fi = A , is called the electric potential and the spatial 
components A a form the magnetic potential A: 

A" = (0, A). (2.7.11) 

The gauge transformation (12.7.71) reads 

3(1/ 

0' = + ^± A' = A-Va. (2.7.12) 

cot 

In the local Minkowski spacetime, A^ transforms according to fll.6.98p . 

U)-U 1+ WU)- (2 - 7 - l3) 
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The gauge-invariant modification of the Dirac Lagrangian density (I2.6.22p is 



= 2 e a(^7 a A^ - DSl a ip) - mtiH>. (2.7.14) 

The electromagnetic potential corresponds, up to the multiplication by an arbitrary 
constant, to the vector multiple of I in the formula for the spinor connection (11.7.261) . 
The electromagnetic potential is analogous to the affine connection: it modifies a 
derivative of a spinor so such derivative transforms like a spinor under unitary gauge 
transformations of the first type, while the connection modifies a derivative of a tensor 
so such derivative transforms like a tensor under coordinate transformations. 



2.7.2 Electromagnetic field tensor 

The commutator of total covariant derivatives of a spinor is given by (I1.7.30P with the 
curvature spinor Kij given by (|1.7.36|) . where the tensor B^ is related to the vector 
Ai in (I1.7.26P by (11.7.381) . Therefore the commutator of the electromagnetic covariant 
derivatives of a spinor, [Di,Dj]ip, is given by (I1.7.30P with the curvature spinor 

K tj = ^Rkurfl 1 + ieFal, (2.7.15) 

where the antisymmetric tensor 

Fij = Aj t i Aij = Aj-i Ai-j (2.7.16) 

is referred to as the electromagnetic field tensor. The electromagnetic field tensor is 
analogous to the curvature tensor: it appears in the expression for the commutator of 
electromagnetic covariant derivatives of a spinor, while the curvature tensor appears 
in the expression for the commutator of coordinate-covariant derivatives of a tensor. 
Substituting (12TTP into (I2.7.16P gives 

F[ 3 = F v (2.7.17) 

so the electromagnetic field tensor is gauge invariant. The definition (12 .7. 161) is equiv- 
alent to the first Maxwell- Minkowski equation 

Fij,k + Fj k:i + F ki j = Fij. k + Fj k ,i + F ki .j = (2.7.18) 

or 

e ijkl F jk>l = e ijkl F jk:l = 0. (2.7.19) 

Define 

E a = F 0a , (2.7.20) 

B a/3 = F a ^ B a = -^Le a ^B (3y , B aP = -yfu aM B\ (2.7.21) 

where t is given by ( 11.4. 105ft . The component of ( 12.7. 18ft with all spatial indices, 
B a p n + Bf3 lja + B 1<Xj p = 0, gives, using ( 11. 4.1 16ft . 

divB = 0. (2.7.22) 
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The components of (I2.7.18P with one temporal index, B a p$ + E a i p h a ,p — Ep j0t = 0, 
gives, using (11.4. 117|) . 

curlE= (2 . 7 . 2 3) 

The spatial vector E is called the electric field and the spatial pseudovector B is the 
magnetic field. 

In the locally geodesic and Galilean frame of reference, these fields depend on the 
components of the electromagnetic potential (12.7.111) according to (12.7.161) : 

dA _ 



E 
B 



cdt 
V x A, 



(2.7.24) 
(2.7.25) 



and they are invariant under (12.7. 12p . The tensor Fij is given by 








E x 


Ey 


E z 


\ 




—E x 





-B z 


By 






~Ey 


B z 





—B x 




V 


-E z 


-By 


B x 





/ 



(2.7.26) 



and transforms according to (ll.6.99p . Thus the electric and magnetic fields transform 
according to 

1-7, 



E' = 7(E + (3 x B) 



P 2 



-(/3-E)/3, 



B' = 7 (B-/3xE) + ^-B)/3. 



(2.7.27) 
(2.7.28) 



In this frame, (12.7.221) and (I2.7.23P become the first pair of the Maxwell equations: 

divB = 0, (2.7.29) 

(2.7.30) 



<9 B 

curlE = — . 

cdt 



Applying the div operator to (I2.7.25P gives (I2.7.29P and applying the curl operator 
to (I2.7.24P gives (IZ7.30P . Applying the div operator to (12.7.301) gives (12.7.291) . In- 
tegrating the first pair of the Maxwell equations over the volume and surface area, 
respectively, gives 



B - df = 0, 

E ' dl =-1 



B • df 



(2.7.31) 
(2.7.32) 



The integral § A • df is the flux of a vector A through the surface f and the integral 
§ A • d\ is called the circulation of A along the contour 1. Thus the flux of the 
magnetic field through a closed surface vanishes and the circulation of the electric 
field along a contour, which is called the electromotive force, is equal to the minus 
time derivative of the flux of the magnetic field through the surface enclosed by this 
contour {Faraday's law). 
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2.7.3 Lagrangian density for electromagnetic field 

The simplest gauge-invariant Lagrangian density representing the electromagnetic 
field is a linear combination of terms quadratic in Fif yf^§FijF t: > and e % ^ kl FijFu- 
The second term is a total divergence because of ( 12. 7. 19ft : 

jWFijFu = 2(e^%A), fc , (2.7.33) 

so it does not contribute to the field equations. Thus the Lagrangian density for the 
electromagnetic field is given by 

Zem = -z^-V=iFijF^, (2.7.34) 

l07T 

where the Gaufiian factor sets the units of A^. In the locally geodesic and Galilean 
frame of reference, (12.7.341) becomes 

%em = ^-{E 2 -B 2 ). (2.7.35) 

Therefore in order for the action S to have a minimum, there must be the minus sign 
in front of the right-hand side of (12.7.341) . Otherwise an arbitrarily rapid change of A 
in time would result in an arbitrarily large value of E, according to (12.7.241) . and thus 
an arbitrarily low value of S, so the action would have no minimum. A generalization 
of the tensor ( 12.7.161) to a covariant derivative with respect to the affine connection 
Tfj, Aj-i — Ai-j = Fij + 2S k i jA kl is not gauge invariant, so the torsion tensor cannot 
appear in a gauge- invariant Lagrangian density which is quadratic in F^. Thus the 
electromagnetic field, unlike spinor fields, does not couple to torsion. 



2.7.4 Electromagnetic current 

Define the electromagnetic current density 



f = -^k (2.7.36) 

6Ai 



and the electromagnetic current vector 

f = -j=. (2.7.37) 

The invariance of the action under an arbitrary infinitesimal gauge transformation 
5Ai = A\ — Ai = gives, upon partial integration and omitting a total divergence, 

8S=—# J j'SAjd&l = = # J f,i<^ = 0, (2.7.38) 

so the electromagnetic current is conserved, 

j', ('. ./', (2.7.39) 
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The gauge-invariant Lagrangian density (12. 6. 22ft for spinor matter is 

%z — — — it — — — — 

(2.7.40) 

so the electromagnetic current for the spinor field is 

f = ectifaty, (2.7 .41) 

which is proportional to the conserved vector Dirac current (I2.6.29p . The electro- 
magnetic current density ( 12.7.361) corresponds to the current (12.4. 71) with £ 4 =0 and 
5(f) = ieacj) (which is equal to the infinitesimal <p' — <p due to (I2.7.ip ). 

Consider matter which is distributed over a small region in space, as in section 
(12.4.71) . Integrating (12.7.391) over the volume hypersurface and using GauB-Stokes 
theorem to eliminate surface integrals gives 

J j%dV = 0. (2.7.42) 

The conservation law (I2.7.39P also gives 

(rr fe j% = x\ J* + x k i\ t = 5ft = j fc , (2.7.43) 

which, upon integrating over the volume hypersurface and using GauB-Stokes theorem 
to eliminate surface integrals, gives 

J x k }°dV^j = J \ k dV. (2.7.44) 
Using 02.4.84P turns (12.7.441) into 

^ J }°dV + 5x k i°dV^j = J ] k dV. (2.7.45) 



For a particle located at x a , / Sx j dV = and j*(x) is thus proportional to <5(x — x a ) 

so 

u 
u 

Define the electric charge density p such that 



j* = - f- (2.7.46) 



j° = -^=. (2.7.47) 



9oo 

The electric charge density is not a tensor density. Define the electric charge e such 
that 

p^ldV = de. (2.7.48) 
The electric charge density for particles with charges e a located at x a is 

p(x) = £^<5(x-x a ), (2.7.49) 
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and / ]°dV (which is equal to / ] l dSi for a volume hypersurface, so it is a scalar) is 
[j°dV = Yl [ y /=Z-Sf*6(x-x a )W=c y E l ea, (2-7.50) 



so the electric charge is a scalar. Thus the electromagnetic current vector for a system 
of charged particles is 

J>) = £^^=<5(x-x a ), (2.7.51) 

analogously to (12.4. 168j) . The relation (12.7.421) represents the conservation of the total 
electric charge of a physical system. 

In the locally geodesic and Galilean frame of reference, \ = (1, v/c), so 

f = (cp,}), (2.7.52) 

where j is the spatial current vector, 

j = pv. (2.7.53) 

The conservation law (12. 7.39ft in this frame, f i = 0, has the form of the equation of 
continuity (I2.6.30p . For one particle located at x (i), p(x) = e<5(x — x ), (12.6. 30p is 
explicitly satisfied since 

dp d d d 

7^7 = e m*( x ~ x o) = ev ' T> — <K X ~ x o) = - ev ■ ^-^( x - x o) 
ot at axo ox 

= -^-(ev<5(x-xo)) =-V-j, (2.7.54) 
where v = For a system of charged particles, we also have 

f]dV = Y. e ^a- (2.7.55) 

J a 

The equation of continuity (12.6.301) represents, upon integrating over the volume, the 
conservation of the total electric charge: 

pdV ] j+fi-d{ = 0. (2.7.56) 

2.7.5 Maxwell equations 

The total Lagrangian density for the electromagnetic field and matter is the sum of 
( 12.7.341) and the term -y/^Uj* due to (12.7.361) : 



Iem = -^r^F lk F ik - -^A k3 k , (2.7.57) 

167T C 
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where we omit the terms corresponding to the gravitational field and matter which 
does not depend on A k . Varying (12.7.571) with respect to A k , integrating partially 
and omitting total divergences gives 

5Zem = -^-yf^F lk 5F lk - ] -5A k = -^^F lk (5A k , t - 5A hk ) - ] -5A 



iH ' C 87T C 



1 \ k 1 1 



= — ^=%F lk 8A Ki - J -5A k = tfA* - -y/=zj k 6A k , (2.7.58) 

47T c An c 

so the principle of least action SS = for arbitrary variations 5A k yields the second 
Maxwell- Minkowski equation 

(V^F lk ), = —i k (2.7.59) 

c 

or 

Air 

F ik - = —j k . (2.7.60) 

c 

The electromagnetic field equation (12.7.591) implies that ] l is conserved, j* i = 0, which 
corresponds to the conservation of the total electric charge, but does not constrain 
the motion of particles. Therefore a configuration of charged particles producing the 
electromagnetic field can be arbitrary, subject only to the condition that the total 
charge be conserved, unlike a configuration of particles producing the gravitational 
field which is not arbitrary but constrained by the gravitational field equations. 
Define 

D a = -Vg^ F 0a } (2.7.61) 
H^ = ^F a ^ H a = -~Vte afh H^, H^ = ~f*H 1 . (2.7.62) 

The relations F Qa = goig a jF l: > and F a @ = g ai give then 

D a = ^ + g /3 H af3 , (2.7.63) 



B aP = ^— - g a E fi + (2.7.64) 
v^oo 



or, in the spatial-vector notation, 



D = - g x H, (2.7.65) 
\/g~oo 



B = — + gxE. (2.7.66) 
V#oo 



Using (11.4.1021) brings the temporal component of (I2.7.59P to 



-j=(V~tB*), a = 4vrp (2.7.67) 
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to 



or 

divD = 47rp. (2.7.68) 
The spatial components of (12. 7.59[) read 

1 1 A t ol 

-^(VlH^lp + ^(Vt^), = -4vrp^ (2.7.69) 

or 

curlH **m. + *y (2.7.70) 
cVt ot c 

The conservation law ( 12. 7.39ft reads 

In the locally geodesic and Galilean frame of reference, ( 12. 7. 65ft and ( 12.7.661) reduce 

D = E, (2.7.72) 
B = H. (2.7.73) 

In this frame, (12.7.68ft and ( 12.7.70ft become the second pair of the Maxwell equations: 

divE = 47rp,) (2.7.74) 
<9E 4vr 

curlB = — + — j. (2.7.75) 

cot c 

Applying the div operator to (12.7.751) and using (12.7.741) gives (12.6.301) . Integrating the 
second pair of the Maxwell equations over the volume and surface area, respectively, 
gives 

^E-rff = 4vrg, (2.7.76) 

fB.*=±(J*.«) + <£/l.«. (2.7.77) 

Thus the flux of the electric field through a closed surface is proportional to the total 
charge inside the volume enclosed by the surface f (Gaufi' law) and the circulation 
of the magnetic field along a contour is equal to the time derivative of the flux of the 
electric field through the surface enclosed by this contour, called the displacement 
current, plus the surface integral of the current vector (Ampere's law). 

The two pairs of the Maxwell equations are linear in the fields E and B. The sum 
of any two solutions of the Maxwell equations is also a solution of these equations. 
Thus the electromagnetic field of a system of sources (particles) is the sum of the 
fields from each source. The additivity of the electromagnetic field is referred to as 
the principle of superposition. 
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2.7.6 Energy-momentum tensor for electromagnetic field 

The metric energy-momentum tensor (12.3.31) for the electromagnetic field Tj? M is 
given by the Lagrangian density ( 12.7.341) : 

6%em = ^V^9i m F ik F lk 5g lm - ^-^F lk F lm g u 5g km 

?lm iTi j TTi \ r „ik 



= —V^[-^kF lm F lm - F^F kj j5g lk , (2.7.78) 
so 

Ti M = ± {^ 9lk F lm F lm - FjF^ . (2.7.79) 

The corresponding energy density W, energy current S called the Poynting vector, 
and stress tensor a a p called the Maxwell stress tensor, are given in the locally geodesic 
and Galilean frame of reference, due to (12.4. 71|) . by 

W = -^—{E 2 + B 2 ), (2.7.80) 

071 

S = — E x B, (2.7.81) 

47T V ' 

a a p = ±- (E a E p + B a Bp - U a p(E 2 + B 2 )^ . (2.7.82) 
Multiplying (12.7.301) by B and (12. 7. 75[) by E and adding these scalar products gives 

-E ~ + -B • ?5 = -— j E - (B curlE - E ■ curlB), (2.7.83) 

c at c at c 

from which we obtain 

1 f) 4-7T 

--{E 2 + B 2 ) = — — j • E — div(E x B) (2.7.84) 

or 

dW 

— + j • E + div S = 0. (2.7.85) 
at 

The energy-momentum tensor for the electromagnetic field is traceless, 

t£ M g lk = 0, (2.7.86) 

so (I2.4.174p and the virial theorem (I2.4.175P remain unchanged if the particles interact 
electromagnetically. The condition (12.7.86j) also gives, using (12.4.821) . 

gem = 3p E M, (2.7.87) 
so (12.4.1761) implies that the free electromagnetic field is ultrarelativistic. 
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2.7.7 Lorentz force 

Consider a charge particle interacting with the electromagnetic field. The total 
energy-momentum tensor for the particle and electromagnetic field is covariantly con- 
served, which gives the motion of the particle. The electromagnetic part yields, using 
02.7.18P and f!2.7.60p . 

T k ,=—(-F, F lm — Fi uF kl — FiF kl ,\ = —— ( —-F ■ iF lm — -Fr F lm 



47TV2 m: ~~ ~ :k J ~ 4tt\ 2 mH ~ 2 il:m 

-F U:k F kl - F u F kl k ) = ^-F u F kl k = --F u j l . (2.7.88) 

The particle part gives, using (12.4. 167p . 



TA k =[^-^-] , (2.7.89) 



9ooU° 



so we obtain 

UM k \ 1 



VC 2 ^- ) --F aJ l = 0. (2.7.90) 

V900 U J :k C 



Multiplying (12.7.901) by u l and using fl2.7.4(i|) gives 



u 



k 



fuf-=^o) , (2-7.91) 



which turns (12.7.901) into 

u k 1 u 



K^—u i:k = -F u p^=^ (2.7.92) 



or 

D^u* e 

mc— — = -F l] u\ (2.7.93) 
as c 

which is the equation of motion of a particle of mass m and charge e in the elec- 
tromagnetic field Fij. Multiplying (12.7.931) by Ui gives the identity, so ( 12.7.93}) has 3 
independent components. The right-hand side of (12.7.931) is referred to as the Lorentz 
force. 

In the locally geodesic and Galilean frame of reference, ^P- = 4- = —4j and u l = 
(7, 7v/c), so (12.7.931) reads (we choose the spatial components as the 3 independent 
ones) 

mc ^l = eF M + -F a % (2.7.94) 

or, using (12.4.1591) . 

dP e 

— = eE+-vxB. 2.7.95 

at c 

The temporal component of (12.7.931) is 

mc ir = l FoaVa (2 - 7 - 96) 
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or 

- = evE, (2.7.97) 

which also results from multiplying (12.7.951) by v and using (I2.4.184p . Integrating 
(I2.7.85P over the volume gives 

J WdV + J j • EdV + y S • df = 0, (2.7.98) 

which, with (12.7.551) and ( 12. 7.97ft . yields the conservation of the total energy (12.4.661) 
of the electromagnetic field and particles: 

WW + £> a J +fs-di = 0. (2.7.99) 

References: [2J [3] . 
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